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PREFACE

The Spin Structure of the Proton is one of the most challenging open puzzles in

Quantum Chromodynamics. Key particle physics experiments in deep inelastic scat-

tering suggest that just ∼ 30% of the spin of the proton is carried by the intrinsic

spin of its quark constituents – considerably less than the prediction of relativistic

constituent quark models (∼ 60%). This discovery has challenged our understand-

ing about the internal structure of the proton and inspired vast experimental and

theoretical activity to understand the role of spin in the proton’s internal structure:

about 1000 theoretical papers and a new programme of dedicated experiments at

CERN and DESY in Europe, and BNL, JLab and SLAC in the United States.

Until recently, the main experimental activity has focussed on fully inclusive

measurements of the proton’s g1 spin structure function with longitudinally polar-

ized targets. New experiments are underway to measure the separate flavour- and

spin-dependent parton distributions for the proton’s valence quark, sea quark and

gluonic constituents, and to investigate the spin structure of transversely polarized

protons. The important questions are: How is the spin of the proton built up out

from the intrinsic spin and orbital angular momentum of its quark and gluonic con-

stituents? What happens to spin and orbital angular momentum in the transition

from current quarks to constituent quarks in low-energy QCD? Does the proton

spin puzzle involve the suppression of the valence quark spin contribution or do the

sea quarks and gluons conspire to reduce the total quark spin content in the proton?

Here we give an overview of the present status of our understanding: How does the

proton spin?

Steven D. Bass

vii
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Chapter 1

INTRODUCTION

Protons behave like quantum spinning-tops with spin 1
2 in units of Planck’s constant

~. This spin is responsible for many fundamental properties of nature including

the proton’s magnetic moment, the different phases of matter in low temperature

physics, the properties of neutron stars and the stability of the known Universe.

One of the main questions in particle and nuclear physics the last 20 years

has been: How is the proton’s spin built up from its quark and gluon constituents?

It is nearly 20 years since the European Muon Collaboration (EMC) published

their polarized deep inelastic measurement of the proton’s g1 spin dependent struc-

ture function and the flavour-singlet axial-charge g
(0)
A |pDIS [Ashman et al. (1988)].

Their results suggested that the quarks’ intrinsic spin contributes little of the pro-

ton’s spin. Relativistic constituent quark models of the proton generally predict

that about 60% of the proton’s spin should be carried by the spin of its three

valence quarks with the rest carried by orbital angular momentum. The most ac-

curate polarization experiments have taught us that the contribution from the spin

or helicity of the quarks inside is small, only about 30%, challenging our under-

standing about the structure of the proton. The challenge to understand the spin

structure of the proton has inspired a vast programme of theoretical activity and

new experiments at CERN, DESY, JLab, RHIC and SLAC to map out the individ-

ual quark and gluon angular momentum contributions to the proton’s spin. These

experiments are yielding exciting results. Where are we today? What happens to

spin in the transition between current and constituent quarks in low-energy quantum

chromodynamics (QCD)?

The story of the proton’s spin dates from the discovery by Dennison (1927)

that the proton is a fermion of spin 1
2 . Six years later [Estermann and Stern (1933)]

measured the proton’s anomalous magnetic moment, κp = 1.79 Bohr magnetons,

revealing that the proton is not pointlike and has internal structure. The challenge

to understand the structure of the proton had begun!

We now understand the proton as a bound state of three confined valence

quarks (spin 1
2 fermions) interacting through the exchange of spin-one gluons, with

the gauge group being colour SU(3) – QCD (quantum chromodynamics, the theory

of quarks and gluons). The proton is special because of confinement, dynamical

1
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chiral symmetry breaking and the very strong colour gauge fields at large distances

[Thomas and Weise (2001)]. In high-momentum processes the coupling constant

or interaction strength for quark-gluon and gluon-gluon interactions is small be-

cause of asymptotic freedom. The coupling increases with decreasing momentum

or resolution. It becomes so strong that the quarks and gluons are always bound

inside nuclear particles like the proton: they are never observed by themselves as

free particles. (The restoring confinement force is 10 tonnes regardless of separa-

tion.) In low-energy processes the proton behaves like a system of three massive

constituent-quark quasi-particles interacting self-consistently with a cloud of vir-

tual pions (light-mass spin-zero particles made out of a quark and an antiquark)

and condensates generated through spontaneous breaking of the chiral symmetry

between left and right handed quarks. When probed at high resolution the proton

looks like three valence “current” quarks plus a sea of quark-antiquark pairs and

gluons. The current quarks probed in high-resolution processes are almost massless

whereas the constituent quark quasi-particles of low-energy QCD each have a mass

about one third of the mass of the proton.

Our present knowledge about the spin structure of the proton at the quark

level comes from polarized deep inelastic scattering experiments (pDIS) which use

high-energy polarized electrons or muons to probe the structure of a polarized pro-

ton and new experiments in semi-inclusive polarized deep inelastic scattering, polar-

ized proton-proton collisions and polarized photoproduction experiments. The spin

experiments at CERN, DESY, JLab and SLAC involve firing high-energy charged

leptons (electrons or muons) at a polarized proton target. The electron exchanges

a deeply-virtual spin-one photon which makes a high resolution probe of the quark-

gluon structure of the target. The photon can be absorbed by a spin 1
2 quark

polarized in the opposite direction to the photon but not by one polarized in the

same direction as the photon (quarks have no spin 3
2 state). This allows us to extract

information about the spin of the quarks when one controls the polarization of both

the beam and the proton target. The RHIC spin experiments involve high-energy

polarized proton-proton collisions.

The present excitement and global programme in high-energy spin physics was

inspired by an intriguing discovery in polarized deep inelastic scattering. Following

pioneering experiments at SLAC [Alguard et al. (1976, 1978); Baum et al. (1983)],

recent experiments in fully inclusive polarized deep inelastic scattering have ex-

tended measurements of the nucleon’s g1 spin dependent structure function (the

inclusive form-factor measured in these experiments) over a broad kinematic region

where one is sensitive to scattering on the valence quarks plus the quark-antiquark

sea fluctuations – see e.g. Windmolders (1999). These experiments have been

interpreted to imply that quarks and anti-quarks carry just a small fraction of the

proton’s spin (∼ 30%) – about half the prediction of relativistic constituent quark

models (∼ 60%). This result has inspired vast experimental and theoretical activ-

ity to understand the spin structure of the proton. Before embarking on a detailed
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study of the spin structure of the proton it is essential to understand why the small

value of this “quark spin content” measured in polarized deep inelastic scattering

caused such excitement and why it has so much challenged our understanding of

the structure of the proton.

Many elements of subatomic physics and quantum field theory are important

in our understanding of the proton spin problem. These include:

• the dispersion relations for polarized photon-nucleon scattering,

• Regge theory and the high-energy behaviour of scattering amplitudes,

• the renormalization of the operators which enter the light-cone operator

product expansion description of high energy polarized deep inelastic scat-

tering,

• perturbative QCD: the physics of large transverse momentum plus parton

model factorization,

• the non-perturbative and non-local topological properties of gluon gauge

fields in QCD and the chiral structure of the QCD θ vacuum,

• the role of gluon dynamics in dynamical chiral symmetry breaking (the

large mass of the η and η′ mesons and the absence of a flavour-singlet

pseudoscalar Goldstone boson in spontaneous chiral symmetry breaking).

In this book we review our present understanding of the proton spin problem

and the physics of the new and ongoing programme aimed at resolving the spin-

flavour structure of the nucleon.

1.1 Spin and the proton spin problem

Spin is the characteristic property of a particle besides its mass and gauge charges.

The two invariants of the Poincare group are

PµPµ = M2

WµWµ = −M2s(s+ 1). (1.1)

Here P and W denote the momentum and Pauli-Lubanski spin vectors respectively,

M is the particle mass and s denotes its spin. The spin of a particle, whether elemen-

tary or composite, determines its equation of motion and its statistics properties.

The discovery of spin and its properties are reviewed in Tomonaga (1997) and Mar-

tin (2002). Spin 1
2 particles are governed by the Dirac equation and Fermi-Dirac

statistics whereas spin 0 and spin 1 particles are governed by the Klein-Gordon

equation and Bose-Einstein statistics.

The proton’s spin vector sµ is measured through the forward matrix element

of the axial-vector current

2Msµ = 〈p, s| ψγµγ5ψ |p, s〉 (1.2)
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where ψ denotes the proton field operator and M is the proton mass. The quark

axial charges

2Msµ∆q = 〈p, s| qγµγ5q |p, s〉 (1.3)

then measure information about the quark “spin content” of the proton. (Here q

denotes the quark field operator.) The flavour dependent axial charges ∆u, ∆d

and ∆s can be written as linear combinations of the isovector, SU(3) octet and

flavour-singlet axial charges

g
(3)
A = ∆u− ∆d

g
(8)
A = ∆u+ ∆d− 2∆s

g
(0)
A = ∆u+ ∆d+ ∆s. (1.4)

In semi-classical quark models ∆q is interpreted as the amount of spin carried by

quarks and antiquarks of flavour q.

In polarized deep inelastic scattering experiments one measures the nucleon’s

g1 spin structure function as a function of the Bjorken variable x, the fraction of the

proton’s momentum which carried by quark, antiquark and gluon partons in inco-

herent photon-parton scattering with the proton boosted to an infinite momentum

frame.

Spin sum-rules relate the measured g1 spin structure function to the quark

spin content of the proton. These sum-rules are derived starting from the dispersion

relation for polarized photon-nucleon scattering and, for deep inelastic scattering,

the light-cone operator product expansion. One finds that the first moment of the

g1 structure function is related to the scale-invariant axial charges of the target

nucleon by

∫ 1

0

dx gp
1(x,Q2) =

(
1

12
g
(3)
A +

1

36
g
(8)
A

){
1 +

∑

`≥1

cNS`α
`
s(Q)

}

+
1

9
g
(0)
A |inv

{
1 +

∑

`≥1

cS`α
`
s(Q)

}
+ O(

1

Q2
) − β1(Q

2)
Q2

4M2
.

(1.5)

Here g
(3)
A , g

(8)
A and g

(0)
A |inv are the isovector, SU(3) octet and scale-invariant flavour-

singlet axial charges respectively. The flavour non-singlet cNS` and singlet cS`

Wilson coefficients are calculable in `-loop perturbative QCD [Larin et al. (1997)].

The term β1(Q
2) Q2

4M2 represents a possible subtraction constant from the circle at

infinity when one closes the contour in the complex plane in the dispersion rela-

tion where β1 ∼ 1/Q2 for Q2 → ∞ for a leading-twist subtraction [Bass (2005)].

If finite, it affects just the first moment sum-rule. The first moment of g1 plus

the subtraction constant, if finite, is equal to the axial-charge contribution. The

subtraction constant corresponds to a real term in the spin-dependent part of the

forward Compton amplitude.
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If one assumes no twist-two subtraction constant (β1(Q
2) = O(1/Q4)) then

the axial charge contributions saturate the first moment at leading twist. The

isovector axial-charge is measured independently in neutron beta-decays (g
(3)
A =

1.2695 ± 0.0029 [Particle Data Group (2004)]) and the octet axial charge is ex-

tracted from hyperon beta-decays (g
(8)
A = 0.58 ± 0.03). From the first moment of

g1, polarized deep inelastic scattering experiments have been interpreted to imply

a small value for the flavour-singlet axial-charge:

g
(0)
A

∣∣
pDIS

∼ 0.15− 0.35 (1.6)

– considerably less than the value of g
(8)
A . In the naive parton model g

(0)
A |pDIS is

interpreted as the fraction of the proton’s spin which is carried by the intrinsic spin

of its quark and anti-quark constituents. When combined with the octet axial charge

this value corresponds to a negative strange-quark polarization ∆s = 1
3 (g

(0)
A |pDIS −

g
(8)
A ):

∆s ∼ −0.10± 0.04 (1.7)

– that is, polarized in the opposite direction to the spin of the proton. Relativistic

quark models generally predict values g
(0)
A ∼ 0.6 with little polarized strangeness in

the nucleon.

The small value of g
(0)
A |pDIS suggests the following two questions. What dy-

namics suppresses the singlet axial-charge extracted from polarized deep inelastic

scattering relative to the OZI prediction g
(0)
A = g

(8)
A ∼ 0.6? Strange quarks or

some dynamics related to singlet gluon related dynamics must be at work. How is

the proton’s spin built up from the spin and orbital angular momentum of its con-

stituents? – viz. one would like to understand the decomposition of the sum-rule

for the longitudinal spin structure of the nucleon

1

2
=

1

2

∑

q

∆q + ∆g + Lq + Lg (1.8)

where Lq and Lg denote the orbital momentum contributions.

The Goldberger-Treiman relation relates the isovector axial charge g
(3)
A to the

product of the pion decay constant fπ and the pion-nucleon coupling constant gπNN ,

viz.

2Mg
(3)
A = fπgπNN (1.9)

through spontaneously broken chiral symmetry [Adler and Dashen (1968)]. The

Goldberger-Treiman relation leads immediately to the result that the spin structure

of the proton is related to the dynamics of chiral symmetry breaking.

What happens to gluonic degrees of freedom? The axial anomaly, a funda-

mental property of quantum field theory, tells us that the axial-vector current which

measures the quark “spin content” of the proton cannot be treated independently of

the gluon fields that the quarks live in and that the quark “spin content” is linked

to the physics of dynamical axial U(1) symmetry breaking in the flavour-singlet
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channel. For each flavour q the gauge invariantly renormalized axial-vector current

satisfies the anomalous divergence equation [Adler (1969); Bell and Jackiw (1969)]

∂µ
(
qγµγ5q

)
= 2mqiγ5q +

αs

4π
GµνG̃

µν . (1.10)

Here m denotes the quark mass and αs

4πGµνG̃
µν is the topological charge density.

The anomaly is important in the flavour-singlet channel and intrinsic to g
(0)
A . It

cancels in the non-singlet axial-vector currents which define g
(3)
A and g

(8)
A . In the

QCD parton model the anomaly corresponds to physics at the maximum transverse

momentum squared [Carlitz et al. (1988)]. The anomaly contribution also involves

non-local structure associated with gluon field topology – see Jaffe and Manohar

(1990) and Bass (1998, 2003b). In dynamical axial U(1) symmetry breaking the

anomaly and gluon topology are associated with the large masses of the η and η ′

mesons.

What values should we expect for the ∆q? First, consider the static quark

model. The simple SU(6) proton wavefunction

|p ↑〉 =
1√
2
|u ↑ (ud)S=0〉 +

1√
18

|u ↑ (ud)S=1〉 −
1

3
|u ↓ (ud)S=1〉

−1

3
|d ↑ (uu)S=1〉 +

√
2

3
|d ↓ (uu)S=1〉 (1.11)

yields the values g
(3)
A = 5

3 and g
(8)
A = g

(0)
A = 1.

In relativistic quark models one has to take into account the four-component

Dirac spinor ψ = N√
4π

( f
iσ.r̂g ) where N is a normalization factor. The lower com-

ponent of the Dirac spinor is p-wave with intrinsic spin primarily pointing in the

opposite direction to the spin of the nucleon. Relativistic effects renormalize the

axial charges obtained from SU(6) by the factor N 2
∫
drr2(f2 − 1

3g
2) ∼ 0.6 with a

net transfer of angular momentum from intrinsic spin to orbital angular momentum

– see e.g. Jaffe and Manohar (1990). g
(3)
A ' 1.25 (in agreement with experiment)

and g
(0)
A = g

(8)
A ' 0.6. The model prediction g

(8)
A ' 0.6 agrees with the value ex-

tracted from hyperon beta-decays [g
(8)
A = 0.58 ± 0.03 [Close and Roberts (1993)]]

whereas the relativistic quark model prediction for g
(0)
A exceeds the measured value

of g
(0)
A |pDIS by a factor of 2.

The overall picture of the spin structure of the proton that has emerged from

a combination of experiment and theoretical QCD studies can be summarized in

the following key observations:

First, the isovector Bjorken (1966, 1970) spin sum-rule relating the first mo-

ment of the isovector combination g
(p−n)
1 = gp

1 − gn
1 to the nucleon’s isovector

axial-charge g
(3)
A has been successfully tested to better than 10% accuracy. Fur-

ther, in the measured “small x” region 0.02 < x < 0.1 the isovector spin structure

exhibits a valence like rising behaviour ∼ x−0.5 in an x range where one would,

a priori, not necessarily expect quark model results to apply. Constituent quark
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model predictions work remarkably well for the isovector part of the nucleon’s g1

spin structure function at deep inelastic Q2 [Bass (1999)].

Second, there has been considerable theoretical effort to understand the

flavour-singlet axial-charge in QCD and the small value of g
(0)
A |pDIS. QCD theo-

retical analysis leads to the formula

g
(0)
A =

(∑

q

∆q − 3
αs

2π
∆g

)

partons

+ C∞. (1.12)

Here ∆gpartons is the amount of spin carried by polarized gluon partons in the

polarized proton and ∆qpartons measures the spin carried by quarks and antiquarks

carrying “soft” transverse momentum k2
t ∼ P 2,m2 where P is a typical gluon

virtuality and m is the light quark mass [Efremov and Teryaev (1988); Altarelli

and Ross (1988)]. Since ∆g ∼ 1/αs under QCD evolution, the polarized gluon term

[−αs

2π ∆g] in Eq. (1.12) scales asQ2 → ∞ [Efremov and Teryaev (1988); Altarelli and

Ross (1988)]. The polarized gluon term is associated with events in polarized deep

inelastic scattering where the hard photon strikes a quark or antiquark generated

from photon-gluon fusion and carrying k2
t ∼ Q2 [Carlitz et al. (1988)]. C∞ denotes

a potential non-perturbative gluon topological contribution [Bass (1998)] which is

associated with the possible subtraction constant in the dispersion relation for g1

[Bass (2005)]. It affects only the first moment and has support only at Bjorken

x equal to zero so that it cannot be directly measured in polarized deep inelastic

scattering.

The topological term C∞ may be identified with a leading twist “subtrac-

tion at infinity” in the dispersion relation for g1. It probes the role of gluon

topology in dynamical axial U(1) symmetry breaking in the transition from cur-

rent to constituent quarks in low energy QCD. If C∞ is finite it would mean that

limε→0

∫ 1

ε
dxg1 will measure the difference of the singlet axial-charge and the sub-

traction constant; that is polarized deep inelastic scattering measures the combi-

nation g
(0)
A |pDIS = g

(0)
A − C∞. The deep inelastic measurement of g

(0)
A , Eq. (1.6),

is not necessarily inconsistent with the constituent quark model prediction 0.6 if

a substantial fraction of the spin of the constituent quark is associated with gluon

topology in the transition from constituent to current quarks (measured in polarized

deep inelastic scattering).

Possible explanations for the small value of g
(0)
A extracted from the polar-

ized deep inelastic experiments include screening from positive gluon polarization,

negative strangeness polarization in the nucleon, a subtraction at infinity in the

dispersion relation for g1 associated with non-perturbative gluon topology, and con-

nections to axial U(1) dynamics.

Why is the measured quark spin contribution so small compared to quark

model predictions? Is the “missing spin” a valence quark or a sea effect? Are the

quark-antiquark sea excitations polarized in the opposite direction to the proton’s

spin (thus cancelling some of the spin)? The spin of the gluons which bind the pro-

ton can screen the spin of the quarks measured in high-energy experiments through
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Eq. (1.12). (Here αs ∼ 0.3 is the QCD coupling at the scale of the present experi-

ments and ∆g is the gluon polarization). How large is the gluon polarization? The

QCD vacuum is a quantum superposition of an infinite number of states charac-

terized by non-local topological properties of QCD and non-trivial spin structure.

When one puts a valence quark in this vacuum as a “source”, the spin of the con-

stituent quark can become delocalized so that the total spin becomes a property of

the proton rather than the sum over localized current quark contributions probed

in high energy experiments. How big is this effect?

A direct measurement of the strange-quark axial-charge, independent of the

analysis of polarized deep inelastic scattering data and any possible “subtraction at

infinity” correction, could be made using neutrino proton elastic scattering through

the axial coupling of the Z0 gauge boson. Comparing the values of ∆s extracted

from high-energy polarized deep inelastic scattering and low-energy neutrino-proton

elastic scattering will provide vital information about the QCD structure of the

proton.

On the theoretical side, when assessing models which attempt to explain the

proton’s spin structure it is important to look at the transverse momentum depen-

dence of the proposed dynamics plus the model predictions for the shape of the spin

structure functions as a function of Bjorken x in addition to the first moment and

the nucleon’s axial charges g
(3)
A , g

(8)
A and g

(0)
A .

There is presently a vigorous programme to disentange the different contri-

butions. Key experiments involve semi-inclusive polarized deep inelastic scattering

(COMPASS and HERMES) and polarized proton-proton collisions at the world’s

first polarized proton-proton collider RHIC (PHENIX and STAR), and future po-

larized electron-proton collider studies. Experiments at Jefferson Laboratory are

probing the spin properties of valence quarks in kinematics where they are sensitive

to the confinement process.

Measurements by the COMPASS Collaboration at CERN and PHENIX and

STAR experiments at RHIC suggest that the gluon polarization is much too small

to resolve the difference between the quark model prediction ∼ 60% for the quark

spin contribution and the measured value ∼ 30% through the anomaly mecha-

nism although it may still make an important contribution to the net spin of the

proton [Bass and Aidala (2006); Mallot (2006)]. The COMPASS and RHIC ex-

periments use different processes to access the gluon polarization. The COMPASS

measurements are extracted from the production of charm-particles and charged-

particles with large transverse-momentum in polarized muon-nucleon collisions. The

RHIC measurements are extracted from high-energy particle production in polarized

proton-proton collisions. Measurements of the sea polarization by the HERMES ex-

periment (DESY) suggest that this is also small, too small to resolve the spin puzzle

and that the 30% quark spin contribution is approximately saturated by valence

quark contributions [Airapetian et al. (2004)]. Independent measurements of the

valence and sea quark contributions are being made by COMPASS.
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Further interesting information about the structure of the proton are

coming from the study of “transversity” spin distributions [Barone et al. (2002)].

Working in an infinite momentum frame, these observables measure the distribu-

tion of spin polarized transverse to the momentum of the proton in a transversely

polarized proton. Since rotations and Euclidean boosts commute and a series of

boosts can convert a longitudinally polarized nucleon into a transversely polarized

nucleon at infinite momentum, it follows that the difference between the transver-

sity and helicity distributions reflects the relativistic character of quark motion

in the nucleon. Furthermore, the transversity spin distribution of the nucleon is

charge-parity odd (C = −1) and therefore valence like (gluons decouple from its

QCD evolution equation in contrast to the evolution equation for flavour-singlet

quark distribution appearing in g1) making a comparison of the different spin de-

pendent distributions most interesting. Studies of transversity sensitive observ-

ables in lepton nucleon and polarized proton-proton scattering are being performed

by the HERMES [Airapetian et al. (2005b)], COMPASS [Ageev et al. (2007)] and

RHIC [Adams et al. (2004)] experiments.

One would also like to measure the parton orbital angular momentum contri-

butions to the proton’s spin. Exclusive measurements of deeply virtual Compton

scattering and single meson production at largeQ2 offer a possible route to the quark

and gluon angular momentum contributions through the physics and formalism of

generalized parton distributions [Ji (1998); Goeke et al. (2001); Diehl (2003)]. A

vigorous programme to study these reactions is being designed and investigated at

several major world laboratories.

Spin measurements have a bright future, continue to surprise and to challenge

our understanding about the structure of the proton and fundamental aspects of

quark dynamics. Much exciting progress has been made. The next years promise

to be equally exciting.

1.2 Outline

The book is organized as follows. In the first part (Chapters 2-8) we review the

present status of the proton spin problem focussing on the present experimental

situation for tests of polarized deep inelastic spin sum-rules and the theoretical un-

derstanding of g
(0)
A . In the second part (Chapters 9-15) we give an overview of the

present global programme aimed at disentangling the spin-flavour structure of the

proton and the exciting prospects for the new generation of experiments aimed at

resolving the proton’s internal spin structure. In Chapters 2-4 we give an overview

of the derivation of the spin sum-rules for polarized photon-nucleon scattering, de-

tailing the assumptions that are made at each step. Here we explain how these sum

rules could be affected by potential subtraction constants (subtractions at infinity)

in the dispersion relations for the spin dependent part of the forward Compton am-

plitude. We next give a brief review of the partonic (Chapter 3) and possible fixed
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pole (Chapter 5) contributions to deep inelastic scattering. Fixed poles are well

known to play a vital role in the Adler sum-rule for W-boson nucleon scattering

[Adler (1966)] and the Schwinger term sum-rule for the longitudinal structure func-

tion measured in unpolarized deep inelastic ep scattering [Broadhurst et al. (1973)].

We explain how fixed poles could, in principle, affect the sum-rules for the first mo-

ments of the g1 and g2 spin structure functions. For example, a subtraction constant

correction to the Ellis-Jaffe sum rule for the first moment of the nucleon’s g1 spin

dependent structure function would follow if there is a constant real term in the

spin dependent part of the deeply virtual forward Compton scattering amplitude.

Chapter 6 discusses the QCD axial anomaly and its possible role in understanding

the first moment of g1. The relationship between the spin structure of the proton

and chiral symmetry is outlined in Chapter 7. This first part of the paper concludes

with an overview in Chapter 8 of the different possible explanations of the small

value of g
(0)
A that have been proposed in the literature, how they relate to QCD,

and possible future experimental tests which could help clarrify the key issues. We

next focus on the new programme to disentangle the proton’s spin-flavour structure

and the Bjorken x dependence of the separate valence, sea and gluonic contribu-

tions (Chapters 9-12), the theory and experimental investigation of transversity

observables (Chapter 13), quark orbital angular momentum and exclusive reactions

(Chapter 14) and the g1 spin structure function of the polarized photon (Chapter

15). A summary of key issues and challenging questions for the next generation of

experiments is given in Chapter 16.

Complementary review articles on the spin structure of the proton, each with

a different emphasis, are given in Anselmino et al. (1995), Cheng (1996), Shore

(1998b), Lampe and Reya (2000), Fillipone and Ji (2001), Jaffe (2001), Barone

et al. (2002), Stoesslein (2002), Bass (2005) and Bass and Aidala (2006).
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Chapter 2

SPIN EXPERIMENTS AND DATA

2.1 Introduction

Our present knowledge about the high-energy spin structure of the nucleon comes

from polarized deep inelastic scattering experiments at CERN, DESY, JLab and

SLAC, and high-energy polarized proton-proton collisions at RHIC.

We first consider polarized deep inelastic scattering. (Polarized proton-proton

collisions are described in Section 2.4 below.) Polarized deep inelastic experiments

involve scattering a high-energy charged lepton beam from a nucleon target at large

momentum transfer squared. The lepton beam (electrons at DESY, JLab and SLAC

and muons at CERN) is longitudinally polarized. The nucleon target may be either

longitudinally or transversely polarized.

Consider polarized ep scattering. We work in one photon exchange approx-

imation – Fig. 2.1. Whilst the lepton photon vertex is described by perturbative

QED, the internal QCD structure of the proton means that the photon proton inter-

action is described in terms of various structure functions (form-factors). Polarized

P

k

k'

X

q

Fig. 2.1 Deep inelastic lepton-nucleon scattering mediated by virtual photon exchange.

11
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deep inelastic scattering experiments have so far all been performed using a fixed

target. We specialise to the target rest frame and let E and kµ = (E;~k) denote

the energy and momentum of the incident electron with mass m which is scattered

through an angle θ to emerge in the final state with energy E ′ and momentum

k
′µ = (E′;~k′). The exchanged photon carrying momentum qµ = kµ − k′µ scatters

from a polarized proton with momentum pµ, mass M and spin sµ.

The photon-nucleon scattering is characterised by the two invariantsQ2 = −q2
and ν = p.q/M , where ν = (E −E ′) in the target rest frame. The Bjorken variable

x is defined by the ratio x = Q2/2Mν.

For inclusive scattering the final state hadrons X are not separated, – that

is, we sum over all accessible hadronic final states and scattered lepton spins and

measure the inclusive cross-section. For semi-inclusive deep inelastic scattering

processes we tag on a particular final state hadron carrying a significant fraction of

the energy of the incident photon or with high transverse momentum. These final

state hadrons carry memory of the struck quark and tell us about the distribution of

quarks, antiquarks and gluons carrying different momenta and spin in the nucleon.

We discuss these processes in detail in Chapters 11 and 12.

The differential cross section for the one photon exchange process for inclusive

lepton nucleon scattering is given by

d2σ

dΩdE′ =
α2

Q4

E′

E
LµνW

µν (2.1)

Here α is the fine structure constant; Lµν and Wµν describe the muon and hadronic

vertices respectively. Since the electron is pointlike we can write an exact expression

for Lµν using the Feynman rules:

1

2
Lµν = Tr {ukγµuk′} {uk′γνuk}

= kµk
′
ν + k′µkν − gµν(k.k′ −m2) + iεµναβk

αqβ (2.2)

Since the proton is a complex bound state governed by non-perturbative confine-

ment dynamics and not an elementary state one cannot write down an exact expres-

sion forW µν in contrast to the situation where, for example, we scatter from a lepton

target. Form-factors or structure functions in the hadron tensor Wµν parametrise

the information about the target. The general structure of the hadron tensor for

photon-nucleon scattering is determined by symmetry arguments: covariance, even

parity and current conservation (qµWµν = qνWµν = 0). The spin independent and

spin dependent components of Wµν are

WS
µν = −W1(gµν +

qµqν
Q2

) +
1

M2
W2(pµ +

p.q

Q2
qµ)(pν +

p.q

Q2
qν) (2.3)

and

WA
µν =

i

M2
εµνλσq

λ

[
sσ(G1 +

ν

M
G2) −

1

M2
s.qpσG2

]
(2.4)
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respectively. The structure functions contain all of the target dependent information

in the inclusive scattering process.

Using the expressions for Lµν andWµν in Eqs. (2.2)-(2.4) we can readily obtain

the cross-sections for inclusive photon-nucleon and lepton-nucleon scattering. We

take standard photon polarization vectors εµ satisfying ε.q = 0, with ε2T = −1 for

transverse polarization and ε20 = 1 for longitudinal polarization. The proton spin

vector is defined as

sµ =

(
p.ξ

M
, ξ +

(p.ξ)p

M(E +M)

)
(2.5)

where ξ is the unit vector along the direction of the polarization in the nucleon rest

frame. The proton spin vector satisfies s2 = −1 and s.p = 0.

The cross sections for the absorption of a transversely polarized photon with

spin polarized parallel σ 3
2

and anti-parallel σ 1
2

to the spin of a longitudinally polar-

ized target nucleon are

σ 3
2

=
4π2α√
ν2 +Q2

[
W1 −

ν

M2
G1 +

Q2

M3
G2

]

σ 1
2

=
4π2α√
ν2 +Q2

[
W1 +

ν

M2
G1 −

Q2

M3
G2

]
,

(2.6)

where we use usual conventions for the virtual photon flux factor [Roberts (1990)]:

flux =
√
ν2 +Q2. The spin dependent and spin independent parts of the inclusive

k k

J (0) J (0)

leptonic

hadronic

PP

Fig. 2.2 The squared amplitude A for electron-hadron scattering can be separated into a leptonic
tensor Lµν and a hadronic tensor Wµν .
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photon-nucleon cross section are

σ 1
2
− σ 3

2
=

8π2α√
ν2 +Q2

[
ν

M2
G1 −

Q2

M3
G2

]
(2.7)

and

σ 1
2

+ σ 3
2

=
8π2α√
ν2 +Q2

W1. (2.8)

The G2 spin structure function decouples from polarized photoproduction. For real

photons (Q2 = 0) one finds the equation σ 1
2
− σ 3

2
= 8π2α

M2 G1. The cross section for

the absorption of a longitudinally polarized photon is

σ0 =
4π2α√
ν2 +Q2

WL =
4π2α√
ν2 +Q2

[{
1 +

ν2

Q2

}
W2 −W1

]
. (2.9)

The W2 structure function is measured in unpolarized lepton nucleon scattering

through the absorption of transversely and longitudinally polarized photons.

The final state hadrons in the photon-nucleon scattering process have invariant

mass squared (centre of mass energy squared)

W 2 = (p+ q)2 = M2 + 2p.q −Q2 = M2 +Q2

(
1 − x

x

)
≥M2 (2.10)

It follows that 0 ≤ x ≤ 1 where x = 1 corresponds to elastic scattering W 2 = M2

and Q2 = 0 to photoproduction. (The case x ≤ 0 corresponds to the process

p→ γ∗X .)

2.2 Scaling and polarized deep inelastic scattering

In high Q2 deep inelastic scattering the structure functions exhibit approximate

scaling. One finds

M W1(ν,Q
2) → F1(x,Q

2)

ν W2(ν,Q
2) → F2(x,Q

2)
ν

M
G1(ν,Q

2) → g1(x,Q
2)

ν2

M2
G2(ν,Q

2) → g2(x,Q
2). (2.11)

The structure functions F1, F2, g1 and g2 are to a very good approximation inde-

pendent of Q2 and depend only on x. (The small Q2 dependence which is present

in these structure functions is logarithmic and determined by perturbative QCD

evolution.)

The relation between deep inelastic lepton nucleon cross-sections and the

virtual-photon nucleon cross-sections is discussed and derived in Roberts (1990)

and Windmolders (2002). We work in the target rest frame using the kinetic vari-

ables defined above and let ↑↓ denote the longitudinal polarization of the electron
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beam. For a longitudinally polarized proton target (with spin denoted ⇑⇓) the

unpolarized and polarized differential cross-sections are
(
d2σ ↑⇑
dΩdE′

+
d2σ ↑⇓
dΩdE′

)
=

α2

4E2 sin4 θ
2

[
2 sin2 θ

2
F1(x,Q

2) +
M

ν
cos2

θ

2
F2(x,Q

2)

]

(2.12)

and
(
d2σ ↑⇑
dΩdE′

− d2σ ↑⇓
dΩdE′

)
=

4α2

Mν

E
′

Q2E

[
(E+E

′

cos θ) g1(x,Q
2)−2xM g2(x,Q

2)

]
(2.13)

For a target polarized transverse to the electron beam the spin dependent part of

the differential cross-section is
(
d2σ ↑⇒
dΩdE′

− d2σ ↑⇐
dΩdE′

)
=

4α2

Mν

E
′2

Q2E
sin θ

[
g1(x,Q

2) +
2E

ν
g2(x,Q

2)

]
(2.14)

In unpolarized scattering, where we average over the target polarization, the an-

tisymmetric part of Wµν vanishes and we measure the form factors F1(x,Q
2) and

F2(x,Q
2). The two form factors g1(x,Q

2) and g2(x,Q
2) contribute to the cross

section in the product of WA
µν and the antisymmetric part of Lµν . They can be

measured only with a polarized nucleon target and a polarized lepton (electron or

muon) beam.

Substituting (2.11) in the cross-section formulae (2.12) and (2.13) for the

longitudinally polarized target one finds that the g2 contribution to the differential

cross section and the longitudinal spin asymmetry is suppressed relative to the g1

contribution by the kinematic factor M
E ∼ 0, viz.

A1 =
σ 1

2
− σ 3

2

σ 1
2

+ σ 3
2

=
MνG1 −Q2G2

M3W1
=
g1 − γ2 g2

F1
→ g1

F1
(2.15)

where

γ = 2Mx/
√
Q2 =

√
Q2/ν (2.16)

For a transverse polarized target this kinematic suppression factor for g2 is missing

meaning that transverse polarization is vital to measure g2. We refer to Roberts

(1990) and Windmolders (2002) for the procedure how the spin dependent struc-

ture functions are extracted from the spin asymmetries measured in polarized deep

inelastic scattering.

2.3 The QCD parton model

Deep inelastic scattering involves working in the Bjorken limit: Q2 and ν both

→ ∞ with the Bjorken variable x = Q2/2p.q held fixed. One should be out of the

resonance region W 2 � M2 so that W 2 does not coincide with the mass squared
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of one of the excited nucleon resonances. We are free to choose the z axis in our

target rest frame so that qµ = (q0; 0t, q
3). Since −q2 = Q2 we may write

qµ =

(
q0; 0t, q

0

√
1 +

Q2

q20

)
(2.17)

whereby q+ = 1√
2
(q0 + q3) = finite and q− = 1√

2
(q0 − q3) → ∞ in the deep inelastic

(Bjorken) limit. The Bjorken variable becomes

x = −q+/p+ (2.18)

In the kinematic region of deep inelastic scattering the structure functions

behave as functions of x alone. The Q2 dependence becomes almost trivial and

is observed only as a slow logarithmic variation ∼ lnQ2. This scaling property

inspired Feynman to deduce the parton model of the nucleon. The deep inelastic

cross-section is, in first approximation, the incoherent sum over elastic lepton quark-

parton scattering.

In the (pre-QCD) parton model the deep inelastic structure functions F1 and

F2 are written as

F1(x) =
1

2x
F2(x) =

1

2

∑

q

e2q{q + q̄}(x) (2.19)

and the polarized structure function g1 is

g1(x) =
1

2

∑

q

e2q∆q(x). (2.20)

Here eq denotes the electric charge of the struck quark and

{q + q̄}(x) = (q↑ + q↑)(x) + (q↓ + q↓)(x)

∆q(x) = (q↑ + q↑)(x) − (q↓ + q↓)(x)

(2.21)

denote the spin-independent (unpolarized) and spin-dependent quark parton distri-

butions which measure the distribution of quark momentum and spin in the proton.

For example, q↑(x) is interpreted as the probability to find an anti-quark of flavour

q with plus component of momentum xp+ (p+ is the plus component of the target

proton’s momentum) and spin polarized in the same direction as the spin of the

target proton.

The spin asymmetry A1 can be understood as follows. A quark having its spin

projection along the reference axis (+OZ) can absorb a virtual photon which has its

spin projection along (−OZ) and flip its spin, while no absorption can occur when

the two spins in the initial state are oriented in the same direction. The absorption

cross section for virtual photons with spin projection opposite to the nucleon spin,

σ1/2, will be proportional to q↑(x) while the absorption cross section for virtual
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photons with spin parallel to the nucleon spin, σ3/2, will be proportional to q↓(x).
One then obtains Eq. (2.15), viz.

A1 =
σ1/2 − σ3/2

σ1/2 + σ3/2

∼=
∑
e2i (q

↑
i (x) + q̄↑i (x) − q↓i (x)) − q̄↓i (x))

∑
e2i (q

↑
i (x) + q̄↑i (x) + q↓i (x)) + q̄↓i (x))

(2.22)

When we integrate out the momentum fraction x the first moments of the un-

polarized parton distributions measure the number of valence quarks in the proton:
∫ 1

0

dx(u− ū)(x) = 2

∫ 1

0

dx(d− d̄)(x) = 1

∫ 1

0

dx(s − s̄)(x) = 0 (2.23)

for the up, down and strange quarks respectively. The quantity

∆q =

∫ 1

0

dx ∆q(x) (2.24)

is interpreted as the fraction of the proton’s spin which is carried by quarks (and

anti-quarks) of flavour q – hence the parton model interpretation of g
(0)
A as the total

fraction of the proton’s spin carried by up, down and strange quarks. In QCD

the flavour-singlet combination of these quark parton distributions mixes with the

spin independent and spin dependent gluon distributions respectively under Q2

evolution.

The second spin structure function g2 has a non-trivial parton interpretation

[Jaffe (1990)] and vanishes without the effect of quark transverse momentum – see

e.g. Roberts (1990).

The logarithmic ∼ lnQ2 scaling violations observed in deep inelastic structure

functions are associated with QCD and asymptotic freedom. These scaling viola-

tions are shown in Fig. 2.4 for the unpolarized structure function F2 and Fig. 2.8 for

the spin dependent structure function g1. The QCD quark-gluon and gluon-gluon

coupling is scale dependent and runs with the momentum transfer Q2. In leading

order perturbation theory

αs(Q
2) =

4π

β0 ln(Q2/Λ2)
(2.25)

Here β0 = 11 − 2
3f where f is the number of active flavours and Λ ≈ 200 MeV

is the QCD scale. The running coupling goes logarithmically to zero at infinite

Q2 and becomes large in the infra-red, leading to confinement and dynamical chiral

symmetry breaking. This running of αs is shown in Fig. 2.3 for a recent compilation

of measurements [Bethke (2002)].

The scale dependence shows excellent agreement with the predictions of per-

turbative QCD over a wide energy range. When translated into measurements of
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Fig. 2.3 Compilation of αs values from different measurements from Bethke (2002).

αs(Mz), the separate measurements are consistent with each other and each overlap

with the world average value αs(Mz) = 0.1183± 0.0027.

The finite QCD coupling means that we have to consider the effects of gluon

radiation and (renormalization group) mixing of the flavour-singlet quark distri-

bution with the polarized gluon distribution of the proton. The parton model

description of polarized deep inelastic scattering involves writing the deep inelas-

tic structure functions as the sum over the convolution of “soft” quark and gluon

parton distributions with “hard” photon-parton scattering coefficients. For the F2

unpolarized structure function

F2 (x,Q2) = 2x

∫ 1

x

dz

z

{
1

12
(u+ ū− d− d̄)(z,Q2))

+
1

36
(u+ ū+ d+ d̄− 2(s+ s̄))(z,Q2)

}
Eq

ns(
x

z
, αs)

+
2

9
x

{∫ 1

x

dz

z
(u+ ū+ d+ d̄+ s+ s̄)(z,Q2)Eq

s (
x

z
, αs)

+ f

∫ 1

x

dz

z
g(z,Q2)Eg(

x

z
, αs)

}

(2.26)
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For the g1 spin structure function

g1 (x,Q2)

=

∫ 1

x

dz

z

{
1

12
(∆u− ∆d)(z,Q2) +

1

36
(∆u+ ∆d− 2∆s)(z,Q2)

}
Cq

ns(
x

z
, αs)

+
1

9

{∫ 1

x

dz

z
(∆u+ ∆d+ ∆s)(z,Q2)Cq

s (
x

z
, αs) + f

∫ 1

x

dz

z
∆g(z,Q2)Cg(

x

z
, αs)

}
.

(2.27)

In these equations q(x) and g(x) denote the unpolarized quark and gluon parton

distributions and ∆q(x) and ∆g(x) denote the polarized quark and gluon parton

distributions (q = u, d, s); Eq(z) and Eg(z) and Cq(z) and Cg(z) denote the cor-

responding hard scattering coefficients, and f is the number of quark flavours lib-

erated into the final state (f = 3 below the charm production threshold). The

parton distributions contain all the target dependent information and describe a

flux of quark and gluon partons into the (target independent) interaction between

the hard photon and the parton which is described by the coefficients and which is

calculable using perturbative QCD – essentially the cross-sections for hard-photon

parton scattering. The perturbative coefficients are independent of infra-red mass

singularities in the photon-parton collision which are absorbed into the soft parton

distributions (and softened by confinement related physics).

The logarithmic lnQ2 dependence of the polarized and unpolarized parton

distributions is determined by the DGLAP equations (Dokshitzer, Gribov, Lipatov,

Altarelli, Parisi). We describe this evolution in Chapters 3 and 10 below. One

prediction of QCD evolution is that in the asymptotic limit Q2 → ∞ the fraction of

momentum carried by quarks and gluons should go to [Gross and Wilczek (1974)]

〈x(q + q)(x)〉 → 3f

(16 + 3f)

〈xg(x)〉 → 16

(16 + 3f)
(2.28)

Experimentally, each term is observed to be about 50% at typical deep inelastic

values of Q2.

In Figures 2.4 and 2.5 we show the world data set on the unpolarized structure

function F2 and a recent fit to the unpolarized quark and gluon parton distributions.

Note the large sea and gluon distributions at small Bjorken x. The valence quarks

all but saturate the structure function for x greater than about 0.2.

2.4 Spin experiments

Deep inelastic measurements of g1 have been performed in experiments at CERN,

DESY, JLab and SLAC.
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Fig. 2.4 The plot on the left shows the world data on F2 as a function of Q2 for fixed values of x.
On the right we show the converse: F2 as a function of x for fixed values of Q2. From Chekanov
et al. (2003a).

The first polarized deep inelastic scattering experiments were performed

by the SLAC-Yale Collaboration [Baum et al. (1983)] in the early 1980’s using

an electron beam and proton target and measured g1 down to x = 0.1. These

measurements were consistent with the naive parton model view that ∼ 60% of

the nucleon spin is carried by its quark parton constituents. The EMC (European

Muon Collaboration) experiment [Ashman et al. (1988, 1989)] at CERN used a

muon beam and extended the inclusive measurements down to x = 0.01. The EMC

data led to the spin puzzle, hinting that the contribution of the quarks to the spin

of the proton is small. These findings triggered a whole program of polarized deep

inelastic fixed target experiments, with electron beams at SLAC [Abe et al. (1997);

Anthony et al. (1999, 2000)], a muon beam at CERN (the SMC or Spin Muon

Collaboration) [Adeva et al. (1998a); Adeva et al. (1999)] and the electron ring

of the HERA collider on an internal target (HERMES) [Ackerstaff et al. (1997);

Airapetian et al. (1998, 2007)] at DESY. The lowest values in x for a Q2 around
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1 GeV2 which could be achieved in these experiments amounts to approximately

10−3 in SMC, due to the high energy of the muon beam.

These experiments confirmed the spin puzzle with much increased precision

and launched a series of new measurements, such as semi-inclusive ones to disen-

tangle the separate spin contributions carried by the valence and sea quarks and

polarized gluons. A new fixed target experiment COMPASS [Abbon et al. (2007)]

has been assembled in the last years using the muon beam at CERN, with its

main mission to make a direct measurement of gluon polarization ∆g in the region

x ∼ 0.1. The present COMPASS programme involves a substantial increase (factor

of 5) in the luminosity compared to the SMC with an integrated luminosity during

the years 2002-04 of about 2 fb−1. The COMPASS and HERMES experiments are

also making semi-inclusive measurements of valence and sea quark polarization and

gluon polarization in the nucleon.

The CERN muon beams experiments have the highest energy (100-200 GeV)

but much lower beam intensity (107 muons per second for the SMC, compared to

1012 electrons per second at SLAC). Due to the limited intensity, muon experiments
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Fig. 2.5 The valence (up and down) quark, sea quark and gluon distributions plotted as a function
of x for fixed Q2 = 10 GeV2 . Note that the sea and glue distributions are scaled down by a factor
of 1/20. From Chekanov et al. (2003a).
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need large polarized targets. The polarized electron beam experiments were run at

Jefferson Lab with continuous electron beams (in the energy range of 2-6 GeV),

SLAC (10-50 GeV) and HERMES at DESY (27 GeV). These experiments also use

high intensity beams and consequently need only relatively small targets to reach a

high statistical accuracy. They invert very frequently either the beam polarization

(Jefferson Lab and SLAC) or the target polarization (DESY) and are therefore not

very sensitive to systematic effects due to changes in detector acceptance. Their

kinematic range has however been limited due to the relatively low incident beam

energy. At CERN the incident muons are obtained from two-body decays of pions

and kaons, and are naturally polarized due to the non-conservation of parity in the

weak decay.

In parallel to developments in polarized deep inelastic scattering it was re-

alised that polarized proton-proton collisions could also give valuable information

on polarized glue in the proton, and the Relativistic Heavy Ion Collider, RHIC,

was “upgraded” during its construction phase to include the option of polarized

proton-proton scattering [Bunce et al. (2000)]. The programme relies on the QCD

factorization theorem (see Chapter 3) so that measurements of high-energy and

high-momentum pion and photon production in polarized proton-proton collisions

tell us about the distribution of polarized quarks and gluons in the proton. Fu-

ture experiments plan to use W-boson production in a Drell-Yan like experiment to

extract information about valence and sea quark polarization. Polarization of the

proton beam is technically more involved than for the electron beam, since protons

do not polarize naturally in a storage ring, at least not within any useful time span.

Hence beams from a source of polarized protons have to be accelerated through the

whole chain, keeping the polarization during the process. Special magnets called

Siberian Snakes allow the protons to pass depolarizing resonances during the ac-

celeration and correct for depolarizing distortions during the storage of the beam.

Thus polarized proton-proton collisions with a centre of mass system (CMS) energy

in the range of 50-500 GeV could be provided at RHIC, with an integrated lumi-

nosity of 320 pb−1 at 200 GeV and 800 pb−1 at 500 GeV. There are two major

experiments pursuing this programme: PHENIX and STAR which measure both

longitudinal and transverse spin asymmetries, and also two smaller spin experi-

ments: BRAHMS which measures transverse spin asymmetries and pp2pp which

measures spin dependence in small-angle elastic scattering. The present status at

the time of writing is that 60% average beam polarization and average luminosity

L = 2 × 1031 cm−2s−1 were achieved in 2006 at
√
s = 200 GeV.

The figure of merit for the comparison of experiments performed with different

beams or different targets is given by

(Pb PT f)2 Ntot. (2.29)

Here Pb is the polarization of the beam, PT is the polarization of the target, f is

the dilution factor (the fraction of scattered events that result from the polarized

atoms of interest) and Ntot is the number of interactions. Examples of the large
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Fig. 2.6 The world data on xg1 with data points shown at the Q2 they were measured at. Figure
courtesy of U. Stoesslein.

range of experimental parameters for the measurements include variations in the

beam polarization of 40 − 80%, in the target polarization of 30 − 90% and in the

correction for dilution of the experimental asymmetry due to unpolarized material

of 0.1− 1.

2.5 Spin data

An overview of the world data on the nucleon’s g1 spin structure function (pre-

COMPASS) is shown in Figure 2.6 (which shows xg1) and Figure 2.7 (which shows

g1). Recent precise COMPASS data for the deuteron spin structure function gd
1 is
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shown in Fig. 2.9. There is a general consistency between all data sets. The largest

range is provided by the SMC and COMPASS experiments [Adeva et al. (1998a);

Adeva et al. (1999)], namely 0.00006 < x < 0.8 and 0.02 < Q2 < 100 GeV2. These

experiments use proton and deuteron targets with 100-200 GeV muon beams. The

final results from SMC are given in [Adeva et al. (1998a)]. The deuteron data

from COMPASS are shown separately in Fig. 2.9 [Alexakhin et al. (2007a)] and

reveal the remarkable feature that gd
1 is consistent with zero in the small x region

between 0.004 and 0.02. The low x data from SMC [Adeva et al. (1999)] are at a Q2

well below 1 GeV2, and the asymmetries are found to be compatible with zero. The

most precise data comes from the electron scattering experiments at SLAC (E154
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on the neutron [Abe et al. (1997)] and E155 on the proton [Anthony et al. (1999,

2000)]), JLab [Zheng et al. (2004a,b)] (on the neutron) and HERMES at DESY

[Airapetian et al. (1998); Ackerstaff et al. (1997)] (on the proton and neutron),

with JLab focussed on the large x region.

The recipes for extracting the neutron’s spin structure function from experi-

ments using a deuteron or 3He target are discussed in Piller and Weise (2000) and

Thomas (2002). Corrections should be made to allow for the D-state component

of the deuteron or 3He wavefunctions. The deuteron spin projection +1 is primar-

ily a neutron or a proton in an S-state each with spin 1
2 but there is also a small

probability ∼ 5% to find them in a relative D-state, in which case the spins can be

up or down. One also has to correct for Fermi motion, binding and the fact that

the nucleons can be slightly off mass-shell. The best estimates are that for x < 0.8

gn
1 (x,Q2) =

2gd
1(x,Q2)

(1 − 1.5ωD)
− gp

1(x,Q2) (2.30)

where ωD ∼ 5% is the D-state probability of the deuteron [Lacombe et al. (1981)].

For polarized 3He the largest component of the nuclear wavefunction consists of

two protons with spins opposite, so that the nuclear spin is carried entirely by the

neutron. Fermi motion and binding corrections are larger than for the deuteron and

one must again correct for the D-state component of the 3He wavefunction. One

finds

gn
1 (x,Q2) =

1

ρn
(g

3He
1 − 2ρpg

p
1) , (2.31)

where ρn = (86 ± 2)% and ρp = (−2.8± 0.4)% [Ciofi degli Atti et al. (1993)].

Note the large isovector component in the data at small x (between 0.01 and

0.1) which considerably exceeds the isoscalar component in the measured kinemat-

ics. This result is in stark contrast to the situation in the unpolarized structure

function F2 where the small x region is dominated by isoscalar pomeron exchange.

The structure function data at different values of x (Figs. 2.6 and 2.7) are

measured at different Q2 values in the experiments, viz. xexpt. = x(Q2). For the

ratios g1/F1 there is no experimental evidence of Q2 dependence in any given x

bin. The E155 Collaboration at SLAC found the following good phenomenological

fit to their final data set with Q2 > 1GeV2 and energy of the hadronic final state

W > 2GeV [Anthony et al. (2000)]:

gp
1

F p
1

= x0.700(0.817 + 1.014x− 1.489x2) × (1 +
cp

Q2
)

gn
1

Fn
1

= x−0.335(−0.013− 0.330x+ 0.761x2) × (1 +
cn

Q2
).

(2.32)

The coefficients cp = −0.04±0.06 and cn = 0.13±0.45 describing the Q2 dependence

are found to be small and consistent with zero. The Q2 dependence of the g1 spin

structure function is shown in Fig. 2.8. It is useful to compare data at the same Q2,
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e.g. for the comparison of experimental data with the predictions of deep inelastic

sum-rules. To this end, the measured x points are shifted to the same value of Q2

using either the (approximate) Q2 independence of the asymmetry or performing

next-to-leading-order (NLO) QCD motivated fits [Gehrmann and Stirling (1996);

Altarelli et al. (1997); Adeva et al. (1998b); Anthony et al. (2000); Goto et al.

(2000); Glück et al. (2001); Blümlein and Böttcher (2002); Leader et al. (2002);

Hirai et al. (2004, 2006a,b); Airapetian et al. (2007); Alexakhin et al. (2007a)]

to the measured data and evolving the measured data points all to the same value

of Q2.

In the experiments the different data points are measured at different values

of Q2, viz. xexpt.(Q
2). Next-to-leading order (NLO) QCD motivated fits taking into

account the scaling violations associated with perturbative QCD are frequently used

to evolve all the data points to the same Q2.

2.6 Regge theory and the small x behaviour of spin structure

functions

The small x or high energy behaviour of spin structure functions is an important

issue both for the extrapolation of data needed to test spin sum rules for the first

moment of g1 and also in its own right.

Regge theory makes predictions for the high-energy asymptotic behaviour of

the structure functions:

W1 ∼ να

W2 ∼ να−2

G1 ∼ να−1

G2 ∼ να−1. (2.33)

Here α denotes the (effective) intercept for the leading Regge exchange contribu-

tions. The Regge predictions for the leading exchanges include α = 1.08 for the

pomeron contributions to W1 and W2, and α ' 0.5 for the ρ and ω exchange

contributions to the spin independent structure functions.

We refer to Landshoff (1994) and Kuti (1995) for an introduction to Regge

theory and its phenomenology. The basic idea is that the exchange of ladder dia-

grams generates singularities α(t) = α0 + α′t in the complex angular momentum

plane and that these singularities generate the leading high energy behaviour of

scattering amplitudes. High energy scattering amplitudes are predicted to behave

as ∼ sα(t). The linear slope reflects the QCD string associated with scalar confine-

ment. For angular momentum J , α = J corresponds to a hadron state with mass

m2 = t. The inclusive cross-section for deep inelastic scattering is related through

the optical theorem to the imaginary part of the forward Compton amplitude lead-

ing to Eq. (2.33).
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For G1 the leading gluonic exchange behaves as {ln ν}/ν [Close and Roberts

(1994); Bass and Landshoff (1994)]. In the isovector and isoscalar channels there

are also isovector a1 and isoscalar f1 Regge exchanges plus contributions from the

pomeron-a1 and pomeron-f1 cuts [Heimann (1973)]. If one makes the usual as-

sumption that the a1 and f1 Regge trajectories are straight lines parallel to the

(ρ, ω) trajectories then one finds αa1 ' αf1 ' −0.4, within the phenomenologi-

cal range −0.5 ≤ αa1 ≤ 0 discussed in Ellis and Karliner (1988). Taking the

masses of the a1(1260) and a3(2070) states plus the a1(1640) and a3(2310) states

from the Particle Data Group (2004) yields two parallel a1 trajectories with slope
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Fig. 2.9 Recent data on gd
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∼ 0.75GeV−2 and a leading trajectory with slightly lower intercept: αa1 ' −0.18.

For this value of the a1 intercept the effective intercepts corresponding to

the soft-pomeron a1 cut and the hard-pomeron a1 cut are ' −0.1 and ' +0.25

respectively if one takes the soft and hard pomerons as two distinct exchanges

[Cudell et al. (1999)]. In the framework of the Donnachie-Landshoff-Nachtmann

model of soft pomeron physics [Landshoff and Nachtmann (1987); Donnachie and

Landshoff (1988)] the logarithm in the ln ν
ν contribution comes from the region of

internal momentum where two non-perturbative gluons are radiated collinear with

the proton [Bass and Landshoff (1994)].

ForG2 one expects contributions from possible multi-pomeron (three or more)

cuts (∼ (ln ν)−5) and Regge-pomeron cuts (∼ ναi(0)−1/ ln ν) with αi(0) < 1 (since

the pomeron does not couple to A1 or A2 as a single gluonic exchange) – see Ioffe

et al. (1984).

In terms of the scaling structure functions of deep inelastic scattering the

relations (2.33) become

F1 ∼ 1

x

α

F2 ∼ 1

x

α−1

g1 ∼ 1

x

α

g2 ∼ 1

x

α+1

. (2.34)

For deep inelastic values of Q2 there is some debate about the application of Regge

arguments. In the conventional approach the effective intercepts for small x, or high

ν, physics tend to increase with increasing Q2 through perturbative QCD evolution
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which acts to shift the weight of the structure functions to smaller x. The polarized

isovector combination gp
1 − gn

1 is observed to rise in the small x data from SLAC

and SMC like ∼ x−0.5 although it should be noted that, in the measured x range,

this exponent could be softened through multiplication by a (1 − x)n factor – for

example associated with perturbative QCD counting rules at large x (x close to

one). For example, the exponent x−0.5 could be modified to about x−0.25 through

multiplication by a factor (1−x)6. In an alternative approach Cudell et al. (1999)

have argued that the Regge intercepts should be independent of Q2 and that the

“hard pomeron” revealed in unpolarized deep inelastic scattering at HERA is a

distinct exchange independent of the soft pomeron which should also be present in

low Q2 photoproduction data.

Detailed investigation of spin dependent Regge theory and the low x behaviour

of spin structure functions could be performed using a future polarized ep collider or

with low x and low Q2 proton target measurements at COMPASS, where measure-

ments could be obtained through a broad range ofQ2 from photoproduction through

the “transition region” to polarized deep inelastic scattering. These measurements

would provide a baseline for investigations of perturbative QCD motivated small x

behaviour in g1. Open questions include: Does the rise in gp
1−gn

1 at small Bjorken x

persist to small values of Q2? How does this rise develop as a function of Q2? Fur-

ther possible exchange contributions in the flavour-singlet sector associated with

polarized glue could also be looked for. For example, colour coherence predicts

that the ratio of polarized to unpolarized gluon distributions ∆g(x)/g(x) ∝ x as

x → 0 [Brodsky et al. (1995)] suggesting that, perhaps, there is a spin analogue of

the hard pomeron with intercept about 0.45 corresponding to the polarized gluon

distribution.

The s and t dependence of spin dependent Regge theory is being investi-

gated by the pp2pp experiment [Bültmann et al. (2003)] at RHIC which is studying

polarized proton-proton elastic scattering. at centre of mass energies 50 <
√
s <

500GeV and four momentum transfer 0.0004 < |t| < 1.3GeV2. The emphasis so

far has been on transverse polarization measurements. For
√
s = 200GeV and

0.01 < t < 0.03 GeV2 pp2pp found that the difference between the total cross

sections for transversely polarized protons is ∆σT = −0.19 ± 0.53mb [Bültmann

et al. (2007)]. Future measurements of the longitudinal spin dependent total cross-

section are expected, extending previous measurements by the FNAL Collaboration

E581/E704 which found ∆σL = −42±48(stat.)±53(syst.)µb in the collision of 200

GeV polarized protons on a polarized proton target [Grosnick et al. (1997)].
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Chapter 3

DISPERSION RELATIONS AND SPIN
SUM RULES

3.1 Spin amplitudes

In photon-nucleon scattering the spin dependent structure functions g1 and g2 are

defined through the imaginary part of the forward Compton scattering amplitude.

Consider the amplitude for forward scattering of a photon carrying momentum qµ

(q2 = −Q2 ≤ 0) from a polarized nucleon with momentum pµ, mass M and spin

sµ. Let Jµ(z) denote the electromagnetic current in QCD. The forward Compton

amplitude

Tµν(q, p) = i

∫
d4z eiq.z〈p, s| T (Jµ(z)Jν(0)) |p, s〉 (3.1)

is given by the sum of spin independent (symmetric in µ and ν) and spin dependent

(antisymmetric in µ and ν) contributions, viz.

TS
µν =

1

2
(Tµν + Tνµ)

= −T1(gµν +
qµqν
Q2

) +
1

M2
T2(pµ +

p.q

Q2
qµ)(pν +

p.q

Q2
qν)

(3.2)

and

TA
µν =

1

2
(Tµν − Tνµ)

=
i

M2
εµνλσq

λ

[
sσ(A1 +

ν

M
A2) −

1

M2
s.qpσA2

]
.

(3.3)

Here ν = p.q/M and ε0123 = +1; the proton spin vector is normalized to s2 = −1.

The form-factors T1, T2, A1 and A2 are functions of ν and Q2.

The hadron tensor for inclusive photon nucleon scattering which contains the

spin dependent structure functions is obtained from the imaginary part of Tµν

Wµν =
1

π
ImTµν =

1

2π

∫
d4z eiq.z〈p, s| [Jµ(z), Jν(0)] |p, s〉. (3.4)

31
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P

q 2

Im
q q

PP

Fig. 3.1 The optical theorem relates the hadronic structure tensor Wµν to the imaginary part of
the forward virtual Compton scattering amplitude.

Here the connected matrix element is understood (indicating that the photon in-

teracts with the target and not the vacuum).

To see this, the general expression for the hadronic tensor Wµν is given by

Wµν =
1

2π
(2π)4δ(p+ q − pX)

∑

X

〈p, s|Jµ(0)|X〉〈X |Jν(0)|p, s〉 (3.5)

where we sum over all accessible final hadronic states |X〉. Translational invariance

means that the choice of origin in Jµ(0) is arbitrary. The energy momentum con-

serving delta function can be absorbed into the proton matrix elements. We take

out the complete set set of hadronic states and obtain

Wµν =
1

2π

∫
d4z eiq.z〈p, s|Jµ(z)Jν(0)|p, s〉

=
1

2π

∫
d4z eiq.z〈p, s|[Jµ(z), Jν(0)]|p, s〉 (3.6)

where the second step follows from energy momentum conservation. The extra term

in the commutator corresponds to an unphysical δ(p− q+ pX) term (or W 2 ≤M2)

and therefore vanishes.

Sum rules for the (spin) structure functions measured in deep inelastic scat-

tering are derived using dispersion relations and the operator product expansion.

For fixed Q2 the forward Compton scattering amplitude Tµν(ν,Q2) is analytic in the

photon energy ν except for branch cuts along the positive real axis for |ν| ≥ Q2/2M .

Crossing symmetry implies that

A∗
1(Q

2,−ν) = A1(Q
2, ν)

A∗
2(Q

2,−ν) = −A2(Q
2, ν). (3.7)

The spin structure functions in the imaginary parts of A1 and A2 satisfy the crossing

relations

G1(Q
2,−ν) = −G1(Q

2, ν)

G2(Q
2,−ν) = +G2(Q

2, ν). (3.8)
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For g1 and g2 these relations become

g1(x,Q
2) = +g1(−x,Q2)

g2(x,Q
2) = +g2(−x,Q2). (3.9)

We use Cauchy’s integral theorem and the crossing relations to derive dispersion

relations for A1 and A2. We refer to Bjorken and Drell (1965) for a primer on

dispersion relations.

Cauchy’s integral formula says that

f(z) =
1

2πi

∮

C

dω
f(ω)

ω − z
(3.10)

where f(z) is a function which is analytic inside a contour C. For the spin dispersion

relations we shall consider the cases f = A1(Q
2, ν) and f = A2(Q

2, ν). If we let z

approach real values ω from the upper half plane then we find

f(ω) = lim
ε→0+

f(ω + iε)

=
1

2πi
P
∫ +∞

−∞
dω′ f(ω′)

ω′ − ω
+

1

2
f(ω) +

1

2
C∞ (3.11)

where the complex quantity C∞ = C∞ + iC ′
∞ represents any contribution from the

infinite circle at infinity when we close the contour in the complex plane. The real

and imaginary parts of (3.11) are

Ref(ω) =
1

π
P
∫ +∞

−∞
dω′ Imf(ω′)

ω′ − ω
+ C∞

Imf(ω) = − 1

π
P
∫ +∞

−∞
dω′Ref(ω′)

ω′ − ω
+ C ′

∞ (3.12)

The first equation in (3.12) is the real part of the equation

f(ω) = lim
ε→0+

f(ω + iε)

= lim
ε→0+

1

π

∫ +∞

−∞
dω′ Imf(ω′)

ω′ − ω − iε
+ C∞ (3.13)

and is the more generally useful form of a dispersion relation.

Assuming that the asymptotic behaviour of the spin structure functions G1

and G2 yield convergent integrals we are tempted to write the two unsubtracted

dispersion relations:

A1(Q
2, ν) =

2

π

∫ ∞

Q2/2M

ν′dν′

ν′2 − ν2
ImA1(Q

2, ν′)

A2(Q
2, ν) =

2

π
ν

∫ ∞

Q2/2M

dν′

ν′2 − ν2
ImA2(Q

2, ν′).

(3.14)
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−ν
0

ν
0 Re(ν

Im(ν)

)

Fig. 3.2 The contour C for the dispersion integral Eq. (3.14). The forward Compton amplitude
Tµν has branch cuts along the real ω axis for ω ≤ −1 and ω ≥ 1. The hadronic tensor Wµν =
1
π

Im Tµν is calculated by performing a Cauchy integration along the contour C around the cuts.

These expressions can be rewritten as dispersion relations involving g1 and g2. We

define:

α1(ω,Q
2) =

ν

M
A1

α2(ω,Q
2) =

ν2

M2
A2. (3.15)

Then, the formulae in (3.14) become

α1(ω,Q
2) = 2ω

∫ ∞

1

dω′

ω′2 − ω2
g1(ω

′, Q2)

α2(ω,Q
2) = 2ω3

∫ ∞

1

dω′

ω′2(ω′2 − ω2)
g2(ω

′, Q2)

(3.16)

where ω = 1
x = 2Mν

Q2 .

In general there are two alternatives to an unsubtracted dispersion relation.

(1) First, if the high energy behaviour of G1 and/orG2 (at some fixed Q2) produced

a divergent integral, then the dispersion relation would require a subtraction.

Regge predictions for the high energy behaviour of G1 and G2 – see Eq. (2.33)

– each lead to convergent integrals so this scenario is not expected to occur,

even after including the possible effects of QCD evolution.

(2) Second, even if the integral in the unsubtracted relation converges, there is

still the potential for a “subtraction at infinity”. This scenario would occur if
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the real part of A1 and/or A2 does not vanish sufficiently fast enough when

ν → ∞ so that we pick up a finite contribution from the contour (or “circle

at infinity”). In the context of Regge theory such subtractions can arise from

fixed poles (with J = α(t) = 0 in A2 or J = α(t) = 1 in A1 for all t) in the real

part of the forward Compton amplitude. We shall discuss these fixed poles and

potential subtractions in Chapter 5.

In the presence of a potential “subtraction at infinity” the dispersion relations

(3.14) are modified to:

A1(Q
2, ν) = P1(ν,Q

2) +
2

π

∫ ∞

Q2/2M

ν′dν′

ν′2 − ν2
ImA1(q

2, ν′)

A2(Q
2, ν) = P2(ν,Q

2) +
2

π
ν

∫ ∞

Q2/2M

dν′

ν′2 − ν2
ImA2(q

2, ν′).

(3.17)

Here P1(ν,Q
2) and P2(ν,Q

2) denote the subtraction constants. Factoring out the ν

dependence of these subtraction constants, we define two ν independent quantities

β1(Q
2) and β2(Q

2):

P1(ν,Q
2) = β1(Q

2)

P2(ν,Q
2) = β2(Q

2)
M

ν
. (3.18)

The crossing relations (3.7) for A1 and A2 are observed by the functions Pi. Scaling

requires that β1(Q
2) and β2(Q

2) (if finite) must be nonpolynomial in Q2 – see

Chapter 5. The equations (3.17) can be rewritten:

α1(ω,Q
2) =

Q2

2M2
β1(Q

2) ω + 2ω

∫ ∞

1

dω′

ω′2 − ω2
g1(ω

′, Q2)

α2(ω,Q
2) =

Q2

2M2
β2(Q

2) ω + 2ω3

∫ ∞

1

dω′

ω′2(ω′2 − ω2)
g2(ω

′, Q2).

(3.19)

Next, the fact that both α1 and α2 are analytic for |ω| ≤ 1 allows us to make the

Taylor series expansions (about ω = 0)

α1(x,Q
2) =

Q2

2M2
β1(Q

2)
1

x

+
2

x

∑

n=0,2,4,..

(
1

xn

)∫ 1

0

dy yng1(y,Q
2)

α2(x,Q
2) =

Q2

2M2
β2(Q

2)
1

x

+
2

x3

∑

n=0,2,4,..

(
1

xn

)∫ 1

0

dy yn+2g2(y,Q
2)

(3.20)
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with x = 1
ω . Note that the power series in ω = 1/x converges only for |ω| < 1.

Since energy-momentum conservation fixes 0 ≤ x ≤ 1 (or ω ≥ 1) it follows that

α1(x) and α2(x) are unphysical exactly where they converge.

These equations form the basis for the spin sum rules for polarized photon

nucleon scattering. We next outline the derivation of the Bjorken (1966, 1970) and

Ellis and Jaffe (1974) sum rules for the isovector and flavour-singlet parts of g1

in polarized deep inelastic scattering, the Burkhardt-Cottingham sum rule for G2

[Burkhardt and Cottingham (1970)], and the Gerasimov-Drell-Hearn sum rule for

polarized photoproduction [Gerasimov (1965); Drell and Hearn (1966)]. Each of

these spin sum rules assumes no subtraction at infinity.

Sum rules for polarized deep inelastic scattering are derived by combining

the dispersion relation expressions (3.20) with the light cone operator production

expansion. When Q2 → ∞ the leading contribution to the spin dependent part of

the forward Compton amplitude comes from the nucleon matrix elements of a tower

of gauge invariant local operators multiplied by Wilson coefficients, viz.

TA
µν = iεµνλσq

λ
∑

n=0,2,4,..

(
− 2

q2

)n+1

qµ1qµ2 ...qµn

∑

i=q,g

Θ
(i)
σ{µ1...µn}E

i
n(
Q2

µ2
, αs)

(3.21)

where

Θ
(q)
σ{µ1...µn} ≡ inψ̄γσγ5D{µ1

...Dµn}ψ − traces (3.22)

and

Θ
(g)
σ{µ1...µn} ≡ in−1εαβγσG

βγD{µ1
...Dµn−1G

α
µn} − traces (3.23)

are twist-two local operators. Here Dµ = ∂µ+igAµ is the gauge covariant derivative

and the sum over even values of n in Eq. (3.21) reflects the crossing symmetry

properties of Tµν . The functions Eq
n(Q2

µ2 , αs) and Eg
n(Q2

µ2 , αs) are the respective

Wilson coefficients. (Note that, for simplicity, in this discussion we consider the

case of a single quark flavour with unit charge and zero quark mass. The results

quoted in Section 3.3 below include the extra steps of using the full electromagnetic

current in QCD.)

3.2 Light cone dominance and the operator product expansion

To understand the operator product expansion, consider the product of two currents

Jµ(z) and Jν(0). This product has to be treated carefully in quantum field theory

because of potential singular behaviour in the short distance limit zµ → 0 and

the light-cone limit z2 → 0. The light-cone limit is important for deep inelastic

scattering.
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The Riemann Lebesgue Theorem tells us that the integral in the the definition

of Tµν and Wµν in Eqs. (3.1) and (3.4) receives a finite contribution only when

there is small oscillation in the exponential (viz. q.z ∼ 1). Choose a frame where

qµ = (q0; 0T , q
3) so that q+ = 1√

2
(q0 + q3) = finite and q− = 1√

2
(q0 − q3) → ∞ in

the Bjorken limit. The dominant (finite) contribution to Tµν and Wµν then comes

from

q.z = q+z− + q−z+ − zT .qT ∼ 1 (3.24)

or z− ∼ 1
q+

and z+ ∼ 1
q−

→ 0; qT = 0 in our frame of reference. Since q+ = −p+x

(see Eq. (2.18)) it follows that z− need not be small, particularly at small x.

Causality tells us that

[Jµ(z), Jν(0)] = 0 with z2 < 0 (3.25)

That is, we get a non-zero contribution to the hadronic cross section only when

z2 = 2z+z− − z2
T ∼ 2

q−q+
− z2

T ∼ 4

q2
− z2

T ≥ 0 (3.26)

or when z2
T → 0. Thus, z2 → 0 in the Bjorken limit and deep inelastic scattering is

said to probe QCD physics “on the light cone”.

The singular operator product is treated systematically using Wilson’s oper-

ator product expansions. There is a well defined expansion of the current operator

product in each of the short distance and light cone limits. We focus on the light

cone expansion relevant to deep inelastic scattering. On the light cone it may be

shown that the product of two electromagnetic currents is equal to an infinite sum

over gauge invariant, local, composite renormalized operators – each of which is

multiplied by a coefficient function of z2, which may be singular is at z2 = 0. The

idea is that we probe the quark and gluonic structure of the proton at large Q2 and

receive contributions from the proton matrix elements of all the quark and gluonic

operators with the right quantum numbers.

The strength of the singularity in the coefficient functions is determined by

power counting arguments. The renormalized current operators Jµ(z) have canon-

ical dimension +3. We let dOp(n) denote the dimension of an operator Op(n) on

the right hand side of the operator product expansion which is accompanied by

n factors of zµ. Dimensional consistency requires that the corresponding Wilson

coefficient behaves as ∼ (z2)(−6+dOp(n)−n)/2 for z2 → 0. The strongest singularity

occurs when τ = dOp(n)−n is a minimum. We call τ the twist of the operator and n

is its spin. Deep inelastic scattering is dominated by the operators with lowest twist

(=2) in the operator product expansion. The Wilson coefficients E i
n(Q2

µ2 , αs) in the

operator product expansion formula Eq. (3.21) are then the Fourier transforms of

these light-cone coefficients in z.

The operator product expansion is an equation relating operators and does

not depend on the states that we choose to evaluate the operator matrix elements

between. This means that the Wilson coefficients are target independent and may
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be evaluated using perturbative QCD. The calculation goes as follows. We consider

deep inelastic scattering from an idealized free quark or gluon target and evaluate

Tµν for each target up to some fixed order in the QCD coupling constant αs. The

next step is to evaluate the quark and gluon matrix elements of the operators ap-

pearing on the right hand side of the operator product expansion. The coefficients

may be read off by comparing the two results at a given order in αs. The non-singlet

quark operators do not mix with any gluonic operators under renormalization. Glue

is flavour-singlet and decouples from non-singlet isovector and SU(3) octet contri-

butions. The leading quark and gluon coefficients start at Eq
n = 1 + O(αs) and

Eg
n = O(αs).

The operators in Eq. (3.21) may each be written as the sum of a totally

symmetric operator and an operator with mixed symmetry

Θσ{µ1...µn} = Θ{σµ1...µn} + Θ[σ,{µ1]...µn}. (3.27)

These operators have the matrix elements:

〈p, s|Θ{σµ1...µn}|p, s〉
= {sσpµ1 ...pµn + sµ1pσpµ2 ...pµn + ...} an

n+ 1
〈p, s|Θ[{σµ1]...µn}|p, s〉

= {(sσpµ1 − sµ1pσ)pµ2 ...pµn + (sσpµ2 − sµ2pσ)pµ1 ...pµn + ...} dn

n+ 1
.

(3.28)

Now define ãn = a
(q)
n Eq

1n +a
(g)
n Eg

1n and d̃n = d
(q)
n Eq

2n + d
(g)
n Eg

2n where Ei
1n and Ei

2n

are the Wilson coefficients for ai
n and di

n respectively. Combining equations (3.21)

and (3.28) one obtains the following equations for α1 and α2:

α1(x,Q
2) + α2(x,Q

2) =
∑

n=0,2,4,...

ãn + nd̃n

n+ 1

1

xn+1

α2(x,Q
2) =

∑

n=2,4,...

n(d̃n − ãn)

n+ 1

1

xn+1
.

(3.29)

These equations are compared with the Taylor series expansions (3.20), whence we

obtain the moment sum rules for g1 and g2:
∫ 1

0

dxxng1 =
1

2
ãn − δn0

1

2

Q2

2M2
β1(Q

2) (3.30)

for n = 0, 2, 4, ... and
∫ 1

0

dxxng2 =
1

2

n

n+ 1
(d̃n − ãn) (3.31)

for n = 2, 4, 6, ...

The higher moments determine the behaviour of the structure functions near x = 1

whilst the first moment tells us about the small x region.
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Note:

(1) The first moment of g1 is given by the nucleon matrix element of the axial vector

current ψ̄γσγ5ψ. There is no twist-two, spin-one, gauge-invariant, local gluon

operator to contribute to the first moment of g1 [Jaffe and Manohar (1990)].

(2) The potential subtraction term Q2

2M2 β1(Q
2) in the dispersion relation in (3.20)

multiplies a 1
x term in the series expansion on the left hand side, and thus

provides a potential correction factor to sum rules for the first moment of g1.

It follows that the first moment of g1 measured in polarized deep inelastic

scattering measures the nucleon matrix element of the axial vector current up

to this potential “subtraction at infinity” term, which corresponds to the residue

of any J = 1 fixed pole with nonpolynomial residue contribution to the real part

of A1.

(3) There is no 1
x term in the operator product expansion formula (3.29) for

α2(x,Q
2). This is matched by the lack of any 1

x term in the unsubtracted ver-

sion of the dispersion relation (3.20). The operator product expansion provides

no information about the first moment of g2 without additional assumptions

concerning analytic continuation and the x ∼ 0 behaviour of g2 [Jaffe (1990)].

We shall return to this discussion in the context of the Burkhardt-Cottingham

sum rule for g2 in Section 4.4 below.

If there are finite subtraction constant corrections to one (or more) spin sum rules,

one can include the correction by re-interpreting the relevant structure function as

a distribution with the subtraction constant included as twice the coefficient of a

δ(x) term [Broadhurst et al. (1973)].

3.3 The QCD parton model

There is a close connection between the operator product expansion description of

deep inelastic scattering and the QCD parton model.

We now return to g1 in the scaling regime of polarized deep inelastic scattering.

As noted in Chapter 2, in the (pre-QCD) parton model g1 is written as

g1(x) =
1

2

∑

q

e2q∆q(x) (3.32)

where eq denotes the quark charge and ∆q(x) is the polarized quark distribution.

In QCD we have to consider the effects of gluon radiation and (renormalization

group) mixing of the flavour-singlet quark distribution with the polarized gluon

distribution of the proton. The parton model description of polarized deep inelastic

scattering involves writing the deep inelastic structure functions as the sum over

the convolution of “soft” quark and gluon parton distributions with “hard” photon-
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parton scattering coefficients:

g1(x,Q
2)

=

∫ 1

x

dz

z

{
1

12
(∆u− ∆d)(z,Q2) +

1

36
(∆u+ ∆d− 2∆s)(z,Q2)

}
Cq

ns(
x

z
, αs)

+
1

9

{∫ 1

x

dz

z
(∆u+ ∆d+ ∆s)(z,Q2)Cq

s (
x

z
, αs)

+f

∫ 1

x

dz

z
∆g(z,Q2)Cg(

x

z
, αs)

}
.

(3.33)

Here ∆q(x,Q2) and ∆g(x,Q2) denote the polarized quark and gluon parton distri-

butions, Cq(z, αs) and Cg(z, αs) denote the corresponding hard scattering coeffi-

cients, and f is the number of quark flavours liberated into the final state (f = 3

below the charm production threshold). The parton distributions contain all the

target dependent information and describe a flux of quark and gluon partons into

the (target independent) interaction between the hard photon and the parton which

is described by the coefficients and which is calculable using perturbative QCD.

The perturbative coefficients are independent of infra-red mass singularities in the

photon-parton collision which are absorbed into the soft parton distributions (and

softened by confinement related physics). When we take even moments of the g1

spin structure function we project out the product of operator matrix elements and

coefficients in the operator product expansion:
∫ 1

0

dxxng1(x,Q
2)

=

∫ 1

0

dxxn

{
1

12
(∆u− ∆d) +

1

36
(∆u+ ∆d− 2∆s)

}
(x,Q2)

∫ 1

0

dzznCq
ns(z, αs)

+
1

9

∫ 1

0

dxxn(∆u+ ∆d+ ∆s)(x,Q2)

∫ 1

0

dzznCq
s (z, αs)

+
f

9

∫ 1

0

dxxn∆g(x,Q2)

∫ 1

0

dzznCg(z, αs) (3.34)

where
∫ 1

0

dx xn∆q(x) = a(q)
n − δn0

1

2

Q2

2M2
β1(Q

2)

∫ 1

0

dx xn ∆g(x) = a(g)
n

∫ 1

0

dx xn Cq(x) = Eq
1n

∫ 1

0

dx xn Cg(x) = Eg
1n (3.35)
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for n = 0, 2, 4, .... The Q2 scale dependence in Eqs. (3.33)-(3.35) is induced by the

finite and running value of αs – see Eq. (2.25).

To understand the principle behind factorization, first consider deep inelastic

scattering from a massless quark or gluon parton with virtuality P 2 = −p2. If

we work at O(αs) the cross-section for this process contains a term ∼ αs lnQ2/P 2

which diverges when the virtuality of the parton goes to zero. The divergence is

known as a mass singularity and is associated with the infrared part of phase space

where a (massless) parton splits collinearly into two (massless) partons. To resolve

this, we write

1 + αs ln
Q2

P 2
= 1 + αs ln

Q2

λ2
+ αs ln

λ2

P 2

= (1 + αs ln
Q2

λ2
) (1 + αs ln

λ2

P 2
) + O(α2

s) (3.36)

Here λ2 is called the factorization scale, which separates the cross-section into a

product of long and short distance contributions. The hard term (1 + αs lnQ2/λ2)

is free of any mass singularity. The long distance effects, including the mass sin-

gularity, are factored into the quark and gluon parton distributions of the proton

wavefunction.

The separation of g1 into “hard” and “soft” is not unique and depends on the

choice of “factorization scheme”. For example, one might use a kinematic cut-off

on the partons’ transverse momentum squared (k2
t > λ2) to define the factoriza-

tion scheme and thus separate the hard and soft parts of the phase space for the

photon-parton collision. The cut-off λ2 is called the factorization scale. The co-

efficients have the perturbative expansion Cq = δ(1 − x) + αs

2πf
q(x,Q2/λ2) and

Cg = αs

2πf
g(x,Q2/λ2) where the strongest singularities in the functions f q and fg

as x → 1 are ln(1 − x)/(1 − x)+ and ln(1 − x) respectively where the regularized

function 1/(1− z)+ is defined by
∫ 1

0

dz
f(z)

(1 − z)+
≡
∫ 1

0

dz
f(z) − f(1)

(1 − z)
(3.37)

– see e.g. Lampe and Reya (2000). The deep inelastic structure functions are

dependent on Q2 and independent of the factorization scale λ2 and the “scheme”

used to separate the γ∗-parton cross-section into “hard” and “soft” contributions.

Examples of different “schemes” one might use include using modified minimal

subtraction (MS) [’t Hooft and Veltman (1972); Bodwin and Qiu (1990)] to regulate

the mass singularities which arise in scattering from massless partons, and cut-offs

on other kinematic variables such as the invariant mass squared or the virtuality of

the struck quark. Other schemes which have been widely used in the literature and

analysis of polarized deep inelastic scattering data are the “AB” [Ball et al. (1996)]

and “CI” (chiral invariant) [Cheng (1996)] or “JET” [Leader et al. (1998)] schemes.

We illustrate factorization scheme dependence and the use of these schemes in the

analysis of g1 data in Chapter 10 below.



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

42 THE SPIN STRUCTURE OF THE PROTON

k2 ~ Q2

k2 > 2

k2 < 2

k2 ~ Q2

k2 > 2

k2 < 2

Fig. 3.3 The operator product expansion and QCD factorization at work: the γ∗p cross-section

separates into “hard” coefficients characterized by k2 > µ2 and “soft” quark and gluon parton
distributions characterized by k2 < µ2 where µ is the factorization scale. The parton distributions
contain all of the information about the target proton.
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If the same “scheme” is applied consistently to all hard processes then the

factorization theorem asserts that the parton distributions that one extracts from

experiments should be process independent [Collins (1993a)]. In other words, the

same polarized quark and gluon distributions should be obtained from future exper-

iments involving polarized hard QCD processes in polarized proton-proton collisions

(e.g. at RHIC) and polarized deep inelastic scattering experiments. The factoriza-

tion theorem for unpolarized hard processes has been successfully tested in a large

number of experiments involving different reactions at various laboratories. Tests

of the polarized version await future independent measurements of the polarized

gluon and sea-quark distributions from a variety of different hard scattering pro-

cesses with polarized beams. This programme has been initiated with independent

measurements of quark and gluon polarization at COMPASS and RHIC using to-

tally different experimental conditions: polarized deep inelastic scattering and high

energy polarized proton-proton collisions.

3.4 Parton distributions and light-cone correlation functions

The (spin-dependent) parton distributions may also be defined via the operator

product expansion. For g1 this means that the odd moments of the polarized quark

and gluon distributions project out the target matrix elements of the renormalized,

spin-odd, composite operators which appear in the operator product expansion, viz.

2Ms+(p+)2n

∫ 1

0

dx x2n∆q(x, µ2)

= 〈p, s|
[
q(0)γ+γ5(iD+)2nq(0)

]

µ2

|p, s〉

(3.38)

2Ms+(p+)2n

∫ 1

0

dx x2n∆g(x, µ2)

= 〈p, s|
[
Tr G+α(0)(iD+)2n−1G̃α

+(0)

]

µ2

|p, s〉, (n ≥ 1).

(3.39)

The association of ∆q(x, µ2) with quarks and ∆g(x, µ2) with gluons follows when we

evaluate the target matrix elements in Eqs. (3.38) and (3.39) in the light-cone gauge,

whereD+ → ∂+ and the explicit dependence ofD+ on the gluon field drops out. The

operator product expansion involves writing the product of electromagnetic currents

Jµ(z)Jν(0) in Eq. (3.1) as the expansion over gauge invariantly renormalized, local,

composite quark and gluonic operators at lightlike separation z2 → 0 – the realm

of deep inelastic scattering [Muta (1998)]. The subscript µ2 on the operators in
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Eqs. (3.38)-(3.39) emphasises the dependence on the renormalization scale.1

Mathematically, the relation between the parton distributions and the opera-

tor product expansion is given in terms of light-cone correlation functions of point

split operator matrix elements along the light-cone. Define

ψ± = P±ψ (3.40)

where

P± =
1

2
(1 ± α3) =

1

2
γ±γ∓. (3.41)

The polarized quark and antiquark distributions are given by

∆ψ(x) =
1

2
√

2π

∫
dξ−e−ixMξ−/

√
2

〈p, s|(ψ+R)†(ξ−)ψ+R(0) − (ψ+L)†(ξ−)ψ+L(0)|p, s〉,

∆ψ̄(x) =
1

2
√

2π

∫
dξ−e−ixMξ−/

√
2

〈p, s|ψ+L(ξ−)(ψ+L)†(0) − ψ+R(ξ−)(ψ+R)†(0)|p, s〉.
(3.42)

In this notation ∆q = ∆ψ+∆ψ̄. The non-local operator in the correlation function

is rendered gauge invariant through a path ordered exponential

Pei
∫ z−
0 dy−A+ (3.43)

which simplifies to unity in the light-cone gauge A+ = 0. Taking the moments

of these distributions reproduces the results of the operator product expansion in

Eq. (3.30). The Mellin theorem [Courant and Hilbert (1953)] tells us that the par-

ton distribitions defined in this way are unique up to the choice of renormalization

scheme.2

The light-cone correlation function for the polarized gluon distribution is

x∆g(x) =
i

2
√

2Mπ

∫
dξ− e−ixξ−M/

√
2

〈p, s|G+ν(ξ−)G̃ν
+(0) −G+ν(0)G̃ν

+(ξ−)|p, s〉.
(3.45)

1Note that the parton distributions defined through the operator product expansion include
the effect of renormalization effects such as the axial anomaly (and the trace anomaly for the
spin-independent distributions which appear in F1 and F2) in addition to absorbing the mass
singularities in photon-parton scattering.
2Some care has to be taken regarding renormalization of the light-cone correlation functions.

The bare correlation function from which we project out moments as local operators is ultra-
violet divergent. Llewellyn Smith (1988) proposed a solution of this problem by defining the
renormalized light cone correlation function as a series expansion in the proton matrix elements
of gauge invariant local operators. For the polarized quark distribution this becomes:

〈ψ(z−)γ+γ5ψ(0)〉 =
∑

n

(−z−)n

n!
〈
[
ψγ+γ5(D+)nψ

]
(0)〉. (3.44)



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

DISPERSION RELATIONS AND SPIN SUM RULES 45

In the light-cone gauge (A+ = 0) one finds G+ν
a = ∂+Aν

a − ∂νA+
a = ∂+Aν

a so that

G+νG̃ +
ν = G+

RG−L −G+
LG−R = G+

RG
+R −G+

LG
+L. (3.46)

Thus ∆g(x) measures the distribution of gluon polarization in the nucleon. One can

evaluate the first moment of ∆g(x) from its light-cone correlation function. One

first assumes that

lim
x→0+

x∆g(x) = 0. (3.47)

In A+ = 0 gauge the first moment becomes

∫ 1

0

dx∆g(x) =
1√
2M

[
〈Aν(ξ−)G̃ +

ν (0)〉|ξ−→∞ − 〈Aν(0)G̃ +
ν (0)〉

]
(3.48)

– that is, the sum of the forward matrix element of the gluonic Chern Simons current

K+ plus a surface term [Manohar (1990)] which may or may not vanish in QCD.

3.5 Renormalization group and QCD evolution

Deep inelastic scattering and the operator product expansion involve three momen-

tum scales: the virtuality Q2 of the exchanged photon, the factorization scale and

a “renormalization scale” µ2 which enters because the composite operators which

on the right hand side of the operator product expansion need to be renormalized.

The factorization and renormalization scales enter as part of the calculation proce-

dure and are independent of the physical kinematic variables. When we calculate

the matrix elements of the quark and gluon operators in perturbative QCD there

are divergences associated with the loop integrals which have to be subtracted out.

In the case of the operator matrix elements these divergences cannot all be ab-

sorbed into the usual vertex and wavefunction renormalization constants. There

are extra divergences which are intrinsic to the operator itself. The renormaliza-

tion procedure introduces a new momentum scale µ2 into the calculation. While

the theoretical procedure introduces this renormalization scale in the calculation of

a physical process like deep inelastic scattering, it is clear that the physical cross

section is independent of µ2. Any observable is independent of how a theorist might

choose to calculate it! Therefore, it is common to take µ2 = Q2. The renormal-

ization scale independence of cross-sections leads to the idea of the renormalization

group equations.

Let us consider a renormalized operator ΩR, which is constructed from a bare

operator Ω. We first consider the case where ΩR is multiplicatively renormalized

and does not mix with any other operators under renormalization. This example

applies to the flavour non-singlet operators in the operator product expansion. We

write ΩR = Z−1
Ω Ω. Here ZΩ is the renormalization constant for Ω. The diver-

gences associated with the composite operator are isolated using some ultraviolet
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regularization and subtracted at a renormalization scale µ2. The bare operator Ω

is independent of µ2. One finds the differential equation

d

d lnµ2
Ω =

(
d

d lnµ2
ZΩ

)
ΩR + ZΩ

(
d

d lnµ2
ΩR

)
= 0 (3.49)

which we may rewrite as
(

d

d lnµ2
+ γΩ

)
ΩR = 0 (3.50)

Here

γΩ =
1

ZΩ

d

d lnµ2
ZΩ (3.51)

is called the anomalous dimension of the operator Ω. Suppose that ΩR occurs on the

right hand side of the operator product expansion, viz. Jµ(z)Jν(0) ∼ ΩR(0)E(z2).

The renormalization group equation for the two electromagnetic current Greens

function is (
d

d lnµ2
+ 2γj

)
〈p, s|Jµ(z)Jν(0)|p, s〉 = 0 (3.52)

where γj is the anomalous dimension of the electromagnetic current. For conserved

currents like the vector current one finds γj = 0. The scale dependence of ΩR is
(

d

d lnµ2
+ γΩ

)
〈p, s|ΩR|p, s〉 = 0 (3.53)

We apply the operator product expansion and subtract this equation to find
(

d

d lnµ2
− γΩ

)
EΩ

(
Q2

µ2
, αs(µ

2)

)
= 0 (3.54)

This equation may be written as
(
d

dg
− γΩ

β(g)

)
EΩ(

Q2

µ2
, αs(µ

2)) = 0 (3.55)

where αs = g2/4π and

β(g) =
∂

∂ lnµ2
g (3.56)

is the QCD beta function. We call Eq. (3.55) the renormalization group equation.

It has the solution

EΩ

(
Q2

µ2
, αs(µ

2)

)
= exp

{∫ g(µ2)

g(µ2
0)

dg
−γΩ(g)

β(g)

}
EΩ(

Q2

µ2
0

, αs(µ
2
0)) (3.57)

which may be solved perturbatively. Let

β(g) = −β0g
3 − β1g

5 +O(g7)

γΩ(g) = γ0g
2 + γ1g

4 +O(g6)

EΩ(1, g) = EΩ,0 +EΩ,1g
2 +O(g4) (3.58)
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Substituting into Eq. (3.57), we find that the coefficients evolve with Q2 as

EΩ(
Q2

µ2
, g(µ2)) =

[
g(Q2)

g(µ2)

] γ0
β0

EΩ,0 (3.59)

at leading order.

The renormalization group equation is slightly more complicated in the singlet

case due to operator mixing. The anomalous dimensions for each moment γΩ now

form a 2 × 2 matrix and one finds
(
Eq

Eg

)
(
Q2

µ2
, αs(µ

2)) = T exp

∫ g(µ2)

g(Q2)

dg

[
γq

qq γ
q
gg

γg
qq γ

g
gg

]
(g)

(
Eq

Eg

)
(1, αs(Q

2)) (3.60)

The scale dependence in deep inelastic scattering is summarized in the

DGLAP (Dokshitzer, Gribov, Lipatov, Altarelli, Parisi) equations. The anomalous

dimensions of the operators in the operator product expansion correspond to the

Mellin transform of the DGLAP splitting functions Pij :
∫ 1

0
dx Pij(x) = γi

jj . These

splitting functions have the nice physical interpretation that they are the probabil-

ity of finding a parton i in a parton j at a scale Q2. The physical picture behind

this renormalization group evolution is that the virtuality Q2 of the probe sets a

resolution scale for the partons, so that a change in Q2 corresponds to a change in

the state of the probed partons: increasing Q2 is like using a microscope to probe

deeper and deeper insider the proton. The Q2 dependence of the spin-dependent

parton distributions is then given by the DGLAP equations

d

dt
∆Σ(x, t) =

αs(t)

2π

{∫ 1

x

dy

y
∆Pqq(

x

y
)∆Σ(y, t) + 2f

∫ 1

x

dy

y
∆Pqg(

x

y
)∆g(y, t)

}

d

dt
∆g(x, t) =

αs(t)

2π

{∫ 1

x

dy

y
∆Pgq(

x

y
)∆Σ(y, t) +

∫ 1

x

dy

y
∆Pgg(

x

y
)∆g(y, t)

}

(3.61)

where Σ(x, t) =
∑

q ∆q(x, t) and t = lnQ2 [Altarelli and Parisi (1977)]. The

non-singlet term evolves as

d

dt
∆q3(x, t) =

αs(t)

2π

∫ 1

x

dy

y
∆Pqq

(
x

y

)
∆q3(y, t) (3.62)

where ∆q3(x, t) = ∆u(x, t) − ∆d(x, t).

We explore the application of this DGLAP formalism to polarized deep in-

elastic scattering in Chapter 10.

3.6 Polarized partons and high-energy proton-proton collisions

The parton model factorization arguments can be extended to include fragmentation

processes, for example the production of a pion with large transverse momentum

pt in high-energy proton-proton or lepton-proton collisions. Consider the RHIC
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process of high pt pion production, pp → πX , shown in Fig. 3.4. One defines

the fragmentation function Dπ
f (z, µ2) as the probability density for a parton f to

produce a pion in the final state with momentum fraction z of the parton f through

hadronization. In the QCD parton model the cross section for this process is given

by the formula

dσpp→πX

dP =
∑

f1,f2,f

∫
dx1dx2dzf

p
1 (x1, µ

2)fp
2 (x2, µ

2)

×dσ̂
f1f2→fX′

dP (x1 p1, x2 p2, pπ/z, µ)Dπ
f (z, µ2) (3.63)

Here p1 and p2 are the momenta of the incident protons and P stands for any

appropriate set of the kinematic variables of the reaction. The f p
i (x, µ2) are the

quark and gluon parton distributions of the incident protons. The σ̂f1f2→fX′

are

the underlying hard-scattering cross sections for initial partons f1 and f2 producing

a final-state parton f plus unobserved X ′.
An example of the power of this factorization programme is shown in Fig. 3.5

for pion production in unpolarized proton-proton collisions at RHIC. The prediction

using parton distributions and fragmentation functions extracted from previous

measurements in unpolarized scattering processes is in very good agreement with

the data over the full range of RHIC kinematics.

The parton model description is readily extended to spin dependent processes.

The fragmentation function for a parton to produce a pion should not depend on

the spin of the parton because the pion has spin zero. The formula (3.63) generalises

f
p
1

f
p
2

f1

f2

f

X ′

πDπ
f

σ̂

p

p

Fig. 3.4 Production of a large-pt pion in a high-energy proton-proton collision.
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Fig. 3.5 Perturbative QCD factorization at work. The figure shows the invariant differential
cross section for inclusive π0 production in unpolarized proton-proton collisions together with the
prediction of NLO perturbative QCD calculations using parton distributions and fragmentation
functions extracted from other hard processes. There is excellent agreement with RHIC data
[Adare et al. (2007)].

to

d∆σpp→πX

dP ≡ 1

4

[
dσpp→πX

++

dP − dσpp→πX
+−
dP − dσpp→πX

−+

dP +
dσpp→πX

−−
dP

]

=
∑

f1,f2,f

∫
dx1dx2dz ∆fp

1 (x1, µ
2) ∆fp

2 (x2, µ
2)

×d∆σ̂
f1f2→fX′

dP (x1, p1, x2, p2, pπ/z, µ) Dπ
f (z, µ2) , (3.64)
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where

d∆σ̂f1f2→fX′

dP ≡ 1

4

[
dσ̂f1f2→fX′

++

dP − dσ̂f1f2→fX′

+−
dP − dσ̂f1f2→fX′

−+

dP +
dσ̂f1f2→fX′

−−
dP

]
.

(3.65)

Here the subscripts + and − denote the helicities of the incoming particles. The

spin dependent cross section d∆σpp→πX/dP depends only on the spin dependent

parton distributions, the hard scattering coefficients calculable using perturbative

QCD and the pion fragmentation functions Dπ
f .
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Chapter 4

g1 SPIN SUM RULES

4.1 The first moment of g1

We now focus on the proton spin puzzle.

The value of g
(0)
A extracted from polarized deep inelastic scattering is obtained

as follows. One includes the sum over quark charges squared in Wµν and assumes

no twist-two subtraction constant (β1(Q
2) = O(1/Q4)). The first moment of the

structure function g1 is then related to the scale-invariant axial charges of the target

nucleon by:
∫ 1

0

dx gp
1(x,Q2) =

(
1

12
g
(3)
A +

1

36
g
(8)
A

){
1 +

∑

`≥1

cNS` α
`
s(Q)

}

+
1

9
g
(0)
A |inv

{
1 +

∑

`≥1

cS`α
`
s(Q)

}
+ O(

1

Q2
) − β1(Q

2)
Q2

4M2
.

(4.1)

Here g
(3)
A , g

(8)
A and g

(0)
A |inv are the isotriplet, SU(3) octet and scale-invariant flavour-

singlet axial charges respectively. The flavour non-singlet cNS` and singlet cS` Wil-

son coefficients are calculable in `-loop perturbative QCD [Larin et al. (1997)]. One

then assumes no twist-two subtraction constant (β1(Q
2) = O(1/Q4)) so that the

axial charge contributions saturate the first moment at leading twist.

The first moment of g1 is constrained by low energy weak interactions. For

proton states |p, s〉 with momentum pµ and spin sµ

2Msµ g
(3)
A = 〈p, s|

(
ūγµγ5u− d̄γµγ5d

)
|p, s〉

2Msµ g
(8)
A = 〈p, s|

(
ūγµγ5u+ d̄γµγ5d− 2s̄γµγ5s

)
|p, s〉.

(4.2)

Here g(3)

A = 1.2695± 0.0029 is the isotriplet axial charge measured in neutron beta-

decay; g(8)

A = 0.58± 0.03 is the octet charge measured in hyperon beta decays (and

SU(3)) [Close and Roberts (1993)].

The non-singlet axial charges are scale invariant. This follows because the

non-singlet axial vector currents are soft operators: they are conserved in the limit

51
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of massless quarks. This means that they are not renormalized and have vanishing

anomalous dimension [Itzykson and Zuber (1980)]. The singlet axial vector current

is not conserved due to the axial anomaly

∂µ
(
qγµγ5q

)
= 2mqiγ5q +

αs

4π
GµνG̃

µν . (4.3)

The scale-invariant flavour-singlet axial charge g
(0)
A |inv is defined by

2Msµg
(0)
A |inv = 〈p, s| E(αs)J

GI
µ5 |p, s〉 (4.4)

where

JGI
µ5 =

(
ūγµγ5u+ d̄γµγ5d+ s̄γµγ5s

)
GI

(4.5)

is the gauge-invariantly renormalized singlet axial-vector operator and

E(αs) = exp

∫ αs

0

dα̃s γ(α̃s)/β(α̃s) (4.6)

is a renormalization group factor which corrects for the (two loop) non-zero anoma-

lous dimension γ(αs) [Kodaira (1980)] of JGI
µ5 and which goes to one in the limit

Q2 → ∞; β(αs) is the QCD beta function. We are free to choose the QCD coupling

αs(µ) at either a hard or a soft scale µ. The singlet axial charge g
(0)
A |inv is indepen-

dent of the renormalization scale µ and corresponds to the three flavour g
(0)
A (Q2)

evaluated in the limit Q2 → ∞.

How big is E(αs)?

The perturbative QCD expansion of E(αs) is

E(αs) =

[
1 − 24f

33− 2f

αs

4π

+
1

2

(
αs

4π

)2
f

33 − 2f

(
16f

3
− 472 + 72

102− 14f
3

33− 2f

)
+ ...

]
(4.7)

where f is the number of flavours. To O(α2
s) the perturbative expansion (4.7)

remains close to one – even for large values of αs. If we take αs ∼ 0.6 as typical of

the infra-red then

E(αs) ' 1 − 0.13− 0.03 + ... = 0.84 + ... (4.8)

Here −0.13 and −0.03 are the O(αs) and O(α2
s) corrections respectively.

In terms of the flavour dependent axial-charges

2Msµ∆q = 〈p, s|qγµγ5q|p, s〉 (4.9)

the isovector, octet and singlet axial charges are:

g
(3)
A = ∆u− ∆d

g
(8)
A = ∆u+ ∆d− 2∆s

g
(0)
A ≡ g

(0)
A |inv/E(αs) = ∆u+ ∆d+ ∆s. (4.10)
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The perturbative QCD coefficients in Eq. (4.1) have been calculated to O(α3
s) pre-

cision [Larin et al. (1997)]. For three flavours they evaluate as:{
1 +

∑

`≥1

cNS` α
`
s(Q)

}

=

[
1 − (

αs

π
) − 3.58333(

αs

π
)2 − 20.21527(

αs

π
)3 + ...

]

{
1 +

∑

`≥1

cS`α
`
s(Q)

}

=

[
1 − 0.33333(

αs

π
) − 0.54959(

αs

π
)2 − 4.44725(

αs

π
)3 + ...

]
. (4.11)

In the isovector channel the Bjorken sum rule [Bjorken (1966, 1970)]

IBj =

∫ 1

0

dx

(
gp
1 − gn

1

)

=
g
(3)
A

6

[
1 − αs

π
− 3.583

(αs

π

)2

− 20.215
(αs

π

)3

+ ...

]

(4.12)

has been confirmed in polarized deep inelastic scattering experiments at the level

of 10% (where the perturbative QCD coefficient expansion is truncated at O(α3
s)).

The E155 Collaboration at SLAC found
∫ 1

0
dx(gp

1 − gn
1 ) = 0.176 ± 0.003 ± 0.007

using a next-to-leading order QCD motivated fit to evolve g1 data from the E154

and E155 experiments to Q2 = 5 GeV2 – in good agreement with the theoretical

prediction 0.182± 0.005 from the Bjorken sum-rule [Anthony et al. (2000)]. Using

a similar procedure the SMC experiment obtained
∫ 1

0
dx(gp

1 − gn
1 ) = 0.174+0.024

−0.012,

also at 5 GeV2 [Adeva et al. (1998b)] and also in agreement with the theoretical

prediction.

The evolution of the Bjorken integral [Abe et al. (1997)]
∫ 1

xmin
dx(gp

1 − gn
1 )

as a function of xmin is shown for the SLAC data (E143 and E154) in Fig. 4.1.

Note that about 50% of the sum-rule comes from x values below about 0.12 and

that about 10-20% comes from values of x less than about 0.01. Likewise, Fig. 4.2

shows the convergence of the proton, neutron, singlet deuteron and non-singlet

isovector (NS) g1 first moment integrals from HERMES [Airapetian et al. (2007)].

One again sees that about half of the Bjorken integral comes from x less than 0.12.

The singlet deuteron integral converges much faster and is all but saturated by

contributions from x bigger than 0.05. This is consistent with the recent COMPASS

measurements of gd
1 at small x, where the singlet structure function is consistent

with zero for 0.004 < x < 0.02, as shown in Fig. 2.9 [Alexakhin et al. (2007a)].

Substituting the values of g
(3)
A and g

(8)
A from beta-decays (and assuming no

subtraction constant correction) in the first moment equation (4.1) polarized deep

inelastic data implies

g
(0)
A |pDIS = 0.15− 0.35 (4.13)
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Fig. 4.1 Difference between the measured proton (SLAC E-143) and neutron (SLAC E-154)
integrals calculated from a minimum x value, xmin up to x of 1. The value is compared to the
theoretical prediction from the Bjorken sum rule which makes a prediction over the full x range.
For the prediction, the Bjorken sum rule is evaluated up to third order in αs[Larin et al. (1997)]
and at Q2 = 5 GeV2 . Error bars on the data are dominated by systematic uncertainties and are
highly correlated point-to-point. Figure from Abe et al. (1997).

for the flavour singlet (Ellis-Jaffe) moment corresponding to the polarized

strangeness ∆s = −0.10±0.04 quoted in Chapter 1. The measured value of g
(0)
A |pDIS

compares with the value 0.6 predicted by relativistic quark models and is less than

50% of the value one would expect if strangeness were not important (viz. the

Ellis-Jaffe sum rule hypothesis g
(0)
A = g

(8)
A ) and the value predicted by relativistic

quark models without additional gluonic input.

The small x extrapolation of g1 data is the largest source of experimental error

on measurements of the nucleon’s axial charges from deep inelastic scattering. The

first polarized deep inelastic experiments [Ashman et al. (1988, 1989)] used a sim-

ple Regge motivated extrapolation {g1 ∼ constant} to evaluate the first moment

sum-rules. More recent measurements quoted in the literature frequently use the

technique of performing next-to-leading-order QCD motivated fits to the g1 data,

evolving the data points all to the same value of Q2 and then extrapolating these

fits to x = 0. These NLO QCD fits take into account the scaling violations associ-

ated with perturbative QCD. In the most recent fits reported from COMPASS and

HERMES to their deuteron target data, COMPASS evolve the data to a common

value Q2 = 3 GeV2 and HERMES to Q2 = 5 GeV2. The values reported are

g
(0)
A |pDIS = 0.35± 0.03(stat.) ± 0.05(syst.) (4.14)
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Fig. 4.2 Convergence of the first moment integrals for the proton, neutron, deuteron and isovector
(NS) g1 combination in HERMES data. Figure from Airapetian et al. (2007).

from COMPASS and

g
(0)
A |pDIS = 0.330± 0.011(th.) ± 0.025(exp.) ± 0.028(evol.) (4.15)

from HERMES. The COMPASS result corresponds to

g
(0)
A |pDIS,Q2→∞ = 0.33 ± 0.03(stat.) ± 0.05(syst.) (4.16)

and polarized strangeness

∆sQ2→∞ =
1

3
(g

(0)
A |pDIS,Q2→∞ − g

(8)
A ) = −0.08± 0.01(stat.) ± 0.02(syst.) (4.17)

In a fit to the world g1 data, COMPASS found that for Q2 = 3 GeV2

g
(0)
A |pDIS = 0.30± 0.01(stat.) ± 0.02(evol.) (4.18)

Note that polarized deep inelastic scattering experiments measure g1 between

some small but finite value xmin and an upper value xmax which is close to one. As

we decrease xmin → 0 we measure the first moment

Γ ≡ lim
xmin→0

∫ 1

xmin

dx g1(x,Q
2). (4.19)

Polarized deep inelastic experiments cannot, even in principle, measure at x = 0

with finite Q2. They miss any possible δ(x) terms which might exist in g1 at large
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Q2. That is, they miss any potential (leading twist) fixed pole correction to the

deep inelastic spin sum rules.

Measurements of g1 could be extended to smaller x with a future polarized ep

collider. The low x behaviour of g1 is itself an interesting topic. Small x measure-

ments, besides reducing the error on the first moment (and gluon polarization, ∆g,

in the proton – see Chapter 10), would provide valuable information about Regge

and QCD dynamics at low x where the shape of g1 is particularly sensitive to the dif-

ferent theoretical inputs discussed in the literature: e.g. (αs ln2 1
x)k resummation

and DGLAP evolution [Kwiecinski and Ziaja (1999)], possible Q2 independent

Regge intercepts [Cudell et al. (1999)], and the non-perturbative “confinement

physics” to hard (perturbative QCD) scale transition. Does the colour glass con-

densate of small x physics [Iancu et al. (2002)] carry net spin polarization? We refer

to Ziaja (2003) for a recent discussion of perturbative QCD predictions for the small

x behaviour of g1 in deep inelastic scattering. In the conventional picture based on

QCD evolution and no separate hard pomeron trajectory much larger changes in

the effective intercepts which describe the shape of the structure functions at small

Bjorken x are expected in g1 than in the unpolarized structure function F2 so far

studied at HERA as one increases Q2 through the transition region from photopro-

duction to deep inelastic values of Q2 [Bass and De Roeck (2001)]. Alternatively,

are the Regge intercepts which govern small x physics Q2 independent, in which

case one would see gp−n
1 rising like x−α where α is between about 0.2 and 0.5 also at

small Q2. It will be fascinating to study this physics in future experiments, perhaps

using a future polarized ep collider or through low x and low Q2 measurements with

COMPASS.

4.2 SU(3) breaking

The extraction of g
(0)
A |pDIS from polarized deep inelastic scattering data used SU(3)

and hyperon β-decays. We briefly review this physics. Flavour SU(3) symmetry

suggests that hyperon β-decays should be describable in terms of two symmetry

parameters F and D. The SU(3) baryon-meson coupling part of the effective La-

grangian for low-energy QCD is written to O(p) in the meson momentum as

LmB = Tr B(iγµD
µ −M0)B

+F Tr

(
Bγµγ5[a

µ, B]−

)
+D Tr

(
Bγµγ5{aµ, B}+

)
(4.20)

Here

B =




1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ




(4.21)



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

g1 SPIN SUM RULES 57

denotes the baryon octet and M0 denotes the baryon mass in the chiral limit; Dµ

is the chiral covariant derivative (which is defined in Eq. (7.33) in Chapter 7) and

aµ = − 1

2Fπ
∂µφ+ ... (4.22)

is the axial-vector current operator expressed in terms of the octet φ of would-be

Goldstone bosons associated with spontaneous chiral SU(3)L ⊗ SU(3)R breaking

φ =
∑

πaλa =
√

2




1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8




(4.23)

In Eq. (4.20) F and D denote the two types of axial coupling allowed in SU(3) and

Fπ is the pion decay constant.

In the language of SU(3) and the Lagrangian (4.20) one finds g
(3)
A = F +D

and g
(8)
A = 3F −D. The quoted value for g(8)

A = 0.58 ± 0.03 was obtained from a

best fit to the Λp, ΞΛ and Σn hyperon decays which yielded

F = 0.459± 0.008

D = 0.798± 0.008

F/D = 0.575± 0.016 (4.24)

with a χ2 = 1.55 for one degree of freedom and the combination g
(3)
A = F +D =

1.257 constrained to the value measured in neutron β-decays [Close and Roberts

(1993)]. The assumption of good SU(3) used to get g
(8)
A here is supported by

recent NA-48 Collaboration measurements at CERN [Batley et al. (2007)] and

KTeV measurements at Fermilab [Alavi-Harati et al. (2001)] of the Ξ0 β-decay

Ξ0 → Σ+eν̄. This decay is very interesting because it is the direct analogue of

neutron β-decay under an exchange between the down quark and the strange quark.

If the flavor SU(3) symmetry is manifest, the combination g
(3)
A = gA/gV should be

identical to that extracted from neutron β-decays. In other words, this particular

decay is highly sensitive to the SU(3) breaking. The results are 1.32+0.21
−0.17stat. ±

0.05syst. from KTeV and 1.20 ± 0.05 from NA-48, in very good agreement with

the value extracted from neutron beta-decays. Further, a recent NLO analysis of

inclusive and semi-inclusive polarized deep inelastic data which allows g
(8)
A to float

in a QCD motivated fit reproduces the SU(3) value g
(8)
A = 0.58 up to 8% error [de

Florian et al. (2005)].

In a more conservative discussion Leader and Stamenov (2003) consider a sce-

nario where the experimental uncertainties on the hyperon β-decay measurements

correspond to a maximum of 20% violation of SU(3) corresponding to a value of

g
(8)
A in the range

0.47 ≤ g
(8)
A ≤ 0.70 (4.25)
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If we go to the limit Q2 → ∞ then the axial-charge combination that we extract

from polarized deep inelastic scattering is

g
(8)
A + 4g

(0)
A = 1.90± 0.12 (4.26)

If there were zero polarized strangeness in the nucleon (∆s = 0), then the polarized

deep inelastic measurements would correspond to

g
(8)
A ∼ g

(0)
A ∼ 0.38± 0.03 (4.27)

– much below the 0.6 value predicted by relativistic quark models and well outside

the range quoted in Eq. (4.25).

4.3 νp elastic scattering

Neutrino proton elastic scattering measures the proton’s weak axial charge g(Z)

A

through elastic Z0 exchange. Because of anomaly cancellation in the Standard

Model the weak neutral current couples to the combination u − d + c − s + t − b,

viz.

JZ
µ5 =

1

2

{ ∑

q=u,c,t

−
∑

q=d,s,b

}
q̄γµγ5q. (4.28)

It measures the combination

2g(Z)

A =
(
∆u− ∆d− ∆s

)
+
(
∆c− ∆b+ ∆t

)
. (4.29)

Heavy quark renormalization group arguments can be used to calculate the heavy

t, b and c quark contributions to g(Z)

A both at leading-order [Collins et al. (1978);

Kaplan and Manohar (1988); Chetyrkin and Kühn (1993)] and at next-to-leading-

order (NLO) [Bass et al. (2002)]. Working to NLO it is necessary to introduce

“matching functions” to maintain renormalization group invariance through-out

[Bass et al. (2003, 2006)]. The result is

2g(Z)

A =
(
∆u− ∆d− ∆s

)
inv

+ H
(
∆u+ ∆d+ ∆s

)
inv

+ O(m−1
t,b,c)

(4.30)

where H is a polynomial in the running couplings α̃h,

H =
6

23π

(
α̃b − α̃t

){
1 +

125663

82800π
α̃b +

6167

3312π
α̃t − 22

75π
α̃c

}

− 6

27π
α̃c − 181

648π2
α̃2

c +O
(
α̃3

t,b,c

)
.

(4.31)

Here (∆q)inv denotes the scale-invariant version of ∆q which are obtained from

linear combinations of g
(3)
A , g

(8)
A and g

(0)
A and α̃h denotes Witten’s renormalization-

group-invariant running couplings for heavy quark physics [Witten (1976)]. Taking

α̃t = 0.1, α̃b = 0.2 and α̃c = 0.35 in (4.31), one finds a small heavy-quark correction
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factor H = −0.02, with leading-order terms dominant. The factor
(
α̃b− α̃t

)
ensures

that all contributions from b and t quarks cancel for mt = mb (as they should).

Modulo the small heavy-quark corrections quoted above, a precision measure-

ment of g
(Z)
A , together with g

(3)
A and g

(8)
A , would provide a weak interaction deter-

mination of (∆s)inv, complementary to the deep inelastic measurement of “∆s” in

Eq. (4.17). The singlet axial charge in principle measurable in νp elastic scattering

is independent of any assumptions about the presence or absence of a subtraction

at infinity correction to the deep inelastic first moment of g1, the x ∼ 0 behaviour

of g1 or SU(3) flavour breaking. Modulo any “subtraction at infinity” correction to

the first moment of g1, one obtains a rigorous sum-rule relating deep inelastic scat-

tering in the Bjorken region of high-energy and high-momentum-transfer to three

independent, low-energy measurements in weak interaction physics: the neutron

and hyperon beta decays plus νp elastic scattering.

A precision measurement of the Z0 axial coupling to the proton is therefore

of very high priority. Ideas are being discussed for a dedicated experiment [Tayloe

(2002); Pate (2007)]. Key issues are the ability to measure close to the elastic point

and a very low duty factor (∼ 10−5) neutrino beam to control backgrounds, e.g.

from cosmic rays. The neutral-current axial-charge g
(Z)
A could also be measured

through parity violation in light atoms [Fortson and Lewis (1984); Missimer and

Simons (1985); Campbell et al. (1989); Khriplovich (1991); Bruss et al. (1998,

1999); Alberico et al. (2002)].

The experiment E734 at BNL made the first attempt to measure ∆s in νp and

νp elastic scattering [Ahrens et al. (1987)]. This experiment extracted differential

cross-sctions dσ/dQ2 in the range 0.4 < Q2 < 1.1GeV2. Extrapolating the axial

form factor

(1 − ∆s|inv/g
(3)
A )/(1 +Q2/M2

A)2 (4.32)

to the elastic limit one obtains the value for ∆s [Kaplan and Manohar (1988)]:

∆s = −0.15 ± 0.09 taking the mass parameter in the dipole form factor to be

MA = 1.032 ± 0.036GeV. However, the data is also consistent with ∆s = 0 if one

takes the mass parameter to be MA = 1.06± 0.05GeV which is consistent with the

world average and therefore equally valid as a solution. That is, there is a strong

correlation between the value of ∆s and the dipole mass parameter MA used in

the analysis which prevents an unambiguous extraction of ∆s from the E734 data

[Garvey et al. (1993)]. The analysis of the E734 data also suffered from lack

of knowledge about the strange-quark vector form-factors which enter because of

the V-A coupling of the exchanged Z0. A new dedicated precision experiment is

required.

To understand the issues involved, recall the currents involved in the coupling

of the Z0 boson to the nucleon. In addition to the axial vector current in Eq. (4.28)

there is also the vector current contribution

V Z
µ =

1

2

(
1 − 8

3
sin2 θW

)
ūγµu− 1

2

(
1− 4

3
sin2 θW

)(
d̄γµd+ s̄γµs

)
(4.33)
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Fig. 4.3 The contours display the 68% and 95% confidence intervals for the joint determination
of Gs

M and Gs
E at Q2 = 0.1 GeV2 plus the results of several theoretical predictions, from Young

et al. (2006); Acha et al. (2007). The theoretical predictions include a lattice calculation denoted
by [23] and chiral quark soliton model calculation denoted by [21].

In elastic scattering from the nucleon the information that we can obtain can be

summarized as a number of form-factors. These are related to the matrix elements

of the vector and axial-vector currents as

〈p′, s|V Z
µ (0)|p, s〉 = ū(p′, s)

[
FZ

1 (Q2)γµ + iFZ
2 (Q2)

σµν

2M
qν

]
u(p, s) (4.34)

and

〈p′, s|JZ
µ5(0)|p, s〉 = ū(p′, s)

[
GZ

A(Q2)γµγ5 + i
GZ

P (Q2)

2M
qµγ5

]
u(p, s) (4.35)

where Q2 = −q2 and q = p′ − p is the momentum of the Z0 boson. Each of the

vector form-factors can be expressed as a linear combination of flavour triplet, octet

and singlet combinations

FZ
i (Q2) = (1 − 2 sin2 θW )

[
F 3

i (Q2) +
1

3
F 8

i (Q2)

]
− 1

3
F 0

i (Q2) (4.36)

That is, they involve contributions from up, down and strange quark matrix ele-

ments.

A strong effort has been made to measure the strange quark contribution

to the elastic form factors of the proton, in particular the electric and magnetic

vector form-factors. These experiments [Mueller et al. (1997); Hasty et al. (2000);

Spayde et al. (2004); Ito et al. (2004); Aniol et al. (2004); Maas et al. (2004,

2005); Armstrong et al. (2005); Aniol et al. (2006); Acha et al. (2007)] exploit an
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interference between the γ-exchange and Z-exchange amplitudes in order to measure

weak elastic form factors GZ,p
E and GZ,p

M which are the weak-interaction analogs of

the more traditional electromagnetic elastic form factors Gγ,p
E and Gγ,p

M for which

copious experimental data are available. The interference term is observable as a

parity-violating asymmetry in elastic ~ep scattering, with the electron longitudinally

polarized. By combining the electromagnetic form factors of the proton and neutron

with the weak form factors of the proton, one may separate the up, down, and

strange quark contributions. For example, the electric form factors may be written

as follows:

Gγ,p
E =

2

3
Gu

E − 1

3
Gd

E − 1

3
Gs

E

Gγ,n
E =

2

3
Gd

E − 1

3
Gu

E − 1

3
Gs

E

GZ,p
E =

(
1 − 8

3
sin2 θW

)
Gu

E +

(
−1 +

4

3
sin2 θW

)
Gd

E +

(
−1 +

4

3
sin2 θW

)
Gs

E .

For Q2 = 0 the electric form-factors Gq
E reduce to the number of valence

quarks of flavour q, the magnetic form-factors Gq
M reduce to the contribution to the

proton’s magentic moment from quarks and the axial-form factor GZ
A(0) = g

(Z)
A .

The recent parity-violating ep forward-scattering elastic asymmetry data from

Jefferson Lab (HAPPEX and G0), when combined with the νp elastic cross section

data from Brookhaven (E734), permit an extraction of the strangeness contribution

to the vector and axial nucleon form factors for momentum transfers in the range

0.45 < Q2 < 1.0 GeV2. Further recent determinations of the strange vector form

factors at Q2 = 0.1 GeV2 have been performed by the SAMPLE, HAPPEX, PVA4

and G0 experiments.

Information about the strange form factors of the nucleon from ν-nucleon or

ν-nucleus scattering is best extracted from measurements of the ratios these cross-

sections. This limits some of the experimental uncertainties plus (for ν-nucleus

scattering) some of the model dependence of the calculated cross sections. Consider

the neutrino-antineutrino asymmetry combination

A(Q2) =

(
dσ

dQ2

)NC

ν

−
(
dσ

dQ2

)NC

ν(
dσ

dQ2

)CC

ν

−
(
dσ

dQ2

)CC

ν

(4.37)

For elastic scattering this becomes

Ap(n) =
1

4

(
±1 − Gs

A

GA

)(
±1− 2 sin2 θW

GM
p(n)

G3
M

− 1

2

Gs
M

G3
M

)
. (4.38)

The strange axial and vector form-factors enter through the ratios Gs
A/GA and

Gs
M/G3

M . Combining future νp elastic measurements with with the strangeness

magnetic moment extracted from experiments at Bates, JLab and MAMI would
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allow one to extract the strangeness polarization ∆s. For proposed new experiments

[Tayloe (2002); Pate (2007)] the plan is to measure the ratio of the neutral-current

to the charged-current νN and ν̄N processes: RNC/CC = σ(νp → νp)/σ(νn →
µ−p) and R̄NC/CC = σ(ν̄p→ ν̄p)/σ(ν̄p→ µ+n). When combined with the world’s

data on forward-scattering parity-violating ep data the aim is to produce a dense

set of data points for Gs
A in the range 0.25 < Q2 < 0.75 GeV2 with an uncertainty

at each point of about ±0.02. The result would be to push the range of Q2 to

much lower values, to greatly increase the precision of the νp elastic data and to

extract a quality measurement of the strangeness contribution to the nucleon spin,

∆s. Nuclear targets (e.g. C or Ar) are to be used in these neutrino experiments,

and so a deep understanding of the nuclear physics, particularly in regard to final

state effects, is needed before the potential of these precision experiments can be

fully realized. A number of theoretical efforts have been made which suggest that

the planned measurements of RNC/CC and R̄NC/CC will be relatively insensitive to

nuclear physics effects and final state interactions – see Pate (2007) and references

therein.

4.4 The Burkhardt-Cottingham sum rule

The Burkhardt-Cottingham sum rule [Burkhardt and Cottingham (1970)] reads:
∫ ∞

Q2/2M

dνG2(Q
2, ν) =

2M3

Q2

∫ 1

0

dxg2 = 0, ∀Q2. (4.39)

For deep inelastic scattering, this sum rule is derived by assuming that the moment

formula (3.31) can be analytically continued to n = 0. In general, the Burkhardt-

Cottingham sum rule is derived by assuming no α ≥ 0 singularity in G2 (or, equiva-

lently, no 1
x or more singular small behaviour in g2) and no “subtraction at infinity”

(from an α = J = 0 fixed pole in the real part of G2) [Jaffe (1990)]. The most

precise measurements of g2 to date in polarized deep inelastic scattering come from

the SLAC E-155 and E-143 experiments, which report
∫ 0.8

0.02
dx gp

2 = −0.042± 0.008

for the proton and
∫ 0.8

0.02
dx gd

2 = −0.006 ± 0.011 for the deuteron at Q2 = 5 GeV2

[Anthony et al. (2003)]. New, even more accurate, measurements of g2 (for the neu-

tron using a 3He target) from Jefferson Laboratory [Amarian et al. (2004)] for Q2

between 0.1 and 0.9 GeV2 are consistent with the sum rule. Further measurements

to test the Burkhardt-Cottingham sum rule would be most valuable, particularly

given the SLAC proton result quoted above.

The formula (3.31) indicates that g2 can be written as the sum

g2 = gWW
2 (x) + g2(x) (4.40)

of a twist-two term [Wandzura and Wilczek (1977)], denoted gWW
2

gWW
2 = −g1(x) +

∫ 1

x

dy

y
g1(y) (4.41)
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Fig. 4.4 The Q2 averaged measured of xg2 (SLAC data) compared with the twist-two Wandzura-
Wilczek contribution gWW

2 term (solid line) and several quark model calculations. Figure from
Anthony et al. (2003).

and a second contribution ḡ2 which is the sum of a higher-twist (twist 3) contribution

ξ(x,Q2) and a “transversity” term h1(x,Q
2) which is suppressed by the ratio of the

quark to target nucleon masses and therefore negligible for light u and d quarks

g2(x,Q
2) = −

∫ 1

x

dy

y

∂

∂y

(
mq

M
h1(y,Q

2) + ξ(y,Q2)

)
(4.42)

– see Cortes et al. (1992). The first moment of the twist 2 contribution gWW
2 van-

ishes through integrating the convolution formula (4.41). If one drops the transver-

sity contribution from the formalism (being proportional to the light quark mass),

one obtains the equation

d̃2(Q
2) = 3

∫ 1

0

dxx2

[
g2(x,Q

2) − gWW
2 (x,Q2)

]
(4.43)

for the leading twist 3 matrix element in Eq. (3.31).

Higher-twist observables are interesting because they represent the quark and

gluon correlations in the nucleon which cannot otherwise be studied. The quantity

d̃2(Q
2) is given by the matrix element of a twist-three operator

〈PS|1
4
ψ̄gF̃ σ(µγν)ψ|PS〉 = 2d2S

[σP (µ]P ν) , (4.44)

where F̃ µν = (1/2)εµναβFαβ , and the different brackets – (· · · ) and [· · · ] – denote

symmetrisation and antisymmetrisation of indices, respectively.
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The values extracted from dedicated SLAC measurements are dp
2 = 0.0032±

0.0017 for the proton and dn
2 = 0.0079 ± 0.0048 for the neutron – that is, con-

sistent with zero (no twist-3) at two standard deviations [Anthony et al. (2003)].

These twist 3 matrix elements are related in part to the response of the collective

colour electric and magnetic fields to the spin of the nucleon. Recent analyses

attempt to extract the twist-four corrections to g1. The results and the gluon field

polarizabilities are small and consistent with zero [Deur et al. (2004)].

4.5 The Gerasimov-Drell-Hearn sum rule

The Gerasimov-Drell-Hearn (GDH) sum-rule [Gerasimov (1965); Drell and Hearn

(1966)] for spin dependent photoproduction relates the difference of the two cross-

sections for the absorption of a real photon with spin polarized anti-parallel, σ 1
2
,

and parallel, σ 3
2
, to the target spin to the square of the anomalous magnetic moment

of the target. The GDH sum rule reads
∫ ∞

threshold

dν

ν
(σ 1

2
− σ 3

2
) =

8π2α

M2

∫ ∞

threshold

dν

ν
G1

= −2π2α

M2
κ2 =

{−204.5 µb p

−232.8 µb n
, (4.45)

where κ is the anomalous magnetic moment. The sum rule follows from the very

general principles of causality, unitarity, Lorentz and electromagnetic gauge invari-

ance and one assumption: that the g1 spin structure function satisfies an unsub-

tracted dispersion relation. Modulo the no-subtraction hypothesis, the Gerasimov-

Drell-Hearn sum-rule is valid for a target of arbitrary spin S, whether elementary

or composite [Brodsky and Primack (1969)] – for reviews, see Bass (1997) and

Drechsel and Tiator (2004).

The GDH sum-rule is derived by setting ν = 0 in the dispersion relation for

A1, Eq. (3.17). For small photon energy ν → 0

A1(0, ν) = −1

2
κ2 + γ̃ν2 +O(ν4). (4.46)

Here γN = α
M2 γ̃ is the spin polarizability which measures the stiffness of the nucleon

spin against electromagnetic induced deformations relative to the axis defined by

the nucleon’s spin. This low-energy theorem follows from Lorentz invariance and

electromagnetic gauge invariance (plus the existence of a finite mass gap between the

ground state and continuum contributions to forward Compton scattering) [Brodsky

and Primack (1969); Low (1954); Gell-Mann and Goldberger (1954)].

The integral in Eq. (4.45) converges for each of the leading Regge contri-

butions (discussed in Section 2.6). If the sum rule were observed to fail (with a

finite integral) the interpretation would be a “subtraction at infinity” induced by a

J = 1 fixed pole in the real part of the spin amplitude A1 [Abarbanel and Gold-

berger (1968)].
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Fig. 4.5 The spin dependent photoproduction cross-section for the proton target (ELSA and

MAMI data). Figure courtesy of K. Helbing.
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Fig. 4.6 Running GDH integral for the proton (ELSA and MAMI). Figure courtesy of K. Helbing.

Present experiments at ELSA and MAMI are aimed at measuring the GDH in-

tegrand through the range of incident photon energies Eγ = 0.14 - 0.8 GeV (MAMI)

[Ahrens et al. (2000, 2001, 2002)] and 0.7 - 3.1 GeV (ELSA) [Dutz et al. (2003,

2005)]. The inclusive cross-section for the proton target σ 3
2
− σ 1

2
is shown in Fig. 4.5.

The presently analysed GDH integral on the proton is shown in Fig. 4.6 and is dom-

inated by the ∆ resonance contribution. (The contribution to the sum-rule from the

unmeasured region close to threshold is estimated from the MAID model [Drechsel

et al. (2003)].) The combined data from the ELSA-MAMI experiments suggest that
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the contribution to the GDH integral for a proton target from energies ν < 3 GeV

exceeds the total sum rule prediction (-204.5µb) by about 5-10% [Helbing (2002)].

Phenomenological estimates suggest that about +25 ± 10µb of the sum rule may

reside at higher energies [Bass and Brisudova (1999); Bianchi and Thomas (1999)]

and that this high energy contribution is predominantly in the isovector channel.

(It should be noted, however, that any 10% fixed pole correction would be compet-

itive with this high energy contribution within the errors.) Further measurements,

including at higher energy, would be valuable. First neutron data has been ob-

tained from ELSA using a deuteron target [Dutz et al. (2005)]. The result is a

contribution to the neutron GDH integral of 33.9 ± 5.5(stat.) ± 4.5(syst.)µb from

the measured energy range from 815 to 1825 MeV. It is interesting to note that,

just like the measured g1 at deep inelastic Q2, the high-energy part of the spin

dependent cross-section σ 1
2
−σ 3

2
at Q2 = 0 seems to be largely isovector prompting

the question whether there is some physics conspiracy to suppress the singlet term.

It should be noted however that perturbative QCD motivated fits to g1 data with

a positive polarized gluon distribution (and no node in it) predict that g1 should

develop a strong negative contribution at x < 0.0001 at deep inelastic Q2 – see

e.g. De Roeck et al. (1999) and references therein. However, one should note that

there is no evidence for any such trend in the COMPASS measurements of gd
1 for

0.004 < x < 0.02 shown in Fig. 2.9.

In addition to the GDH sum-rule, one also finds a second sum-rule for the

nucleon’s spin polarizability. This spin polarizability sum-rule is derived by taking

the second derivative of A1(Q
2, ν) in the dispersion relation (3.17) and evaluating

the resulting expression at ν = 0, viz. ∂2

∂ν2A1(Q
2, ν)|ν=0. One finds

∫ ∞

0

dν′

ν′3

(
σ 1

2
− σ 3

2

)
(ν′) = 4π2 γN . (4.47)

In comparison with the GDH sum-rule the relevant information is now concentrated

more on the low energy side because of the 1/ν ′3 weighting factor under the integral.

Main contributions come from the ∆(1232) resonance and the low energy pion

photoproduction continuum described by the electric dipole amplitude E0+. The

value extracted from MAMI data [Drechsel et al. (2003)]

γp = (−1.01± 0.13) × 10−4 fm4 (4.48)

is within the range of predictions of chiral perturbation theory.

Further experiments to test the GDH sum-rule and to measure the σ 1
2
− σ 3

2

at and close to Q2 = 0 are being carried out at Jefferson Laboratory, GRAAL at

Grenoble, LEGS at BNL, and SPRING-8 in Japan.

We note two interesting properties of the GDH sum rule.

First, we write the anomalous magnetic moment κ as the sum of its isovector

κV and isoscalar κS contributions, viz. κN = κS + τ3κV . One then obtains the
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isospin dependent expressions:

(GDH)I=0 = (GDH)V V + (GDH)SS = −2π2α

m2
(κ2

V + κ2
S)

(GDH)I=1 = (GDH)V S = −2π2α

m2
2κV κS .

(4.49)

The physical values of the proton and nucleon anomalous magnetic moments κp =

1.79 and κn = −1.91 correspond to κS = −0.06 and κV = +1.85. Since κS/κV '
− 1

30 , it follows that (GDH)SS is negligible compared to (GDH)V V . That is, to good

approximation, the isoscalar sum-rule (GDH)I=0 measures the isovector anomalous

magnetic moment κV . Given this isoscalar measurement, the isovector sum-rule

(GDH)I=1 then measures the isoscalar anomalous magnetic moment κS.

Second, the anomalous magnetic moment is measured in the matrix element

of the vector current. Furry’s theorem tells us that the real-photon GDH integral for

a gluon or a photon target vanishes. Indeed, this is the reason that the first moment

of the g1 spin structure function for a real polarized photon target vanishes to all

orders and at every twist:
∫ 1

0
dx gγ

1 (x,Q2) independent of the virtuality Q2 of the

second photon that it is probed with [Bass et al. (1998)]. Assuming correction to

the GDH sum rule, this result implies that the two non-perturbative gluon exchange

contribution to σ 1
2
−σ 3

2
which behaves as ln ν/ν in the high energy Regge limit has

a node at some value ν = ν0 so that it does not contribute to the GDH integral.

There is no axial anomaly contribution to the anomalous magnetic moment and

hence no axial anomaly contribution to the GDH sum-rule.

4.6 The transition region

Several experiments have explored the transition region between polarized photopro-

duction (the physics of the GDH sum-rule) and polarized deep inelastic scattering

(the physics of the Bjorken sum-rule and g
(0)
A through the Ellis-Jaffe moment).

The Q2 dependent quantity [Anselmino et al. (1989)]

Γ(Q2) ≡ I(Q2) =

∫ ∞

Q2

2M

dν

ν
G1(ν,Q

2)

=
2M2

Q2

∫ 1

0

dxg1(x,Q
2) (4.50)

interpolates between the two limits with I(0) = − 1
4κ

2
N implied by the GDH sum

rule. Measurements of
∫ 1

0
dxgp

1 = Q2

2M2 I(Q
2) are shown in Fig. 4.7. Note the negative

slope predicted at Q2 = 0 by the GDH sum rule and the sign change around

Q2 ∼ 0.3 GeV2. The shape of the curve is driven predominantly by the role of the

∆ resonance and the 1/Q2 pole in Eq. (4.50). Figure 4.7 shows also the predictions

of various models [Soffer and Teryaev (1993); Burkert and Ioffe (1994)] which try to
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Fig. 4.7 Data from JLab (CLAS) and SLAC on the low Q2 behaviour of
∫ 1
0
dxgp

1 compared
to various theoretical models interpolating the scaling and photoproduction limits [Fatemi et al.
(2003)].

describe the intermediate Q2 range through a combination of resonance physics and

vector-meson dominance at low Q2 and scaling parton physics at DIS Q2. Chiral

perturbation theory [Bernard et al. (2003)] may describe the behaviour of this

“generalized GDH integral” close to threshold – see the shaded band in Fig. 4.7.

In the model of Ioffe and collaborators [Anselmino et al. (1989); Burkert

and Ioffe (1994)] the integral at low to intermediate Q2 for the inelastic part of

(σA−σP ) is given as the sum of a contribution from resonance production, denoted

Ires(Q2), which has a strong Q2 dependence for small Q2 and then drops rapidly

with Q2, and a non-resonant vector-meson dominance contribution which they took

as the sum of a monopole and a dipole term, viz.

I(Q2) = Ires(Q2) + 2M2Γas

(
1

Q2 + µ2
− Cµ2

(Q2 + µ2)2

)
. (4.51)

Here Γas is taken as

Γas =

∫ 1

0

dxg1(x,∞) (4.52)

and

C = 1 +
1

2

µ2

M2

1

Γas

(1

4
κ2 + Ires(0)

)
. (4.53)

The mass parameter µ is identified with rho meson mass, µ2 ' m2
ρ.
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Chapter 5

FIXED POLES

We saw in Chapter 3 that the first moment of g1 is given by the matrix elements of

the proton’s axial charges up to a possible “subtraction at infinity” in the dispersion

relation for g1. The contribution to the dispersion relation from integrating along

the real axis is the parton model contribution. The contribution from the circle at

infinity, if finite, is associated with what was is known in Regge phenomenology as

a J = 1 fixed pole. We next give a brief overview of these fixed poles: what they

are and how they can contribute to sum rules for deep inelastic structure functions.

Fixed poles are exchanges in Regge phenomenology with no t dependence: the

trajectories are described by J = α(t) = 0 or 1 for all t [Abarbanel et al. (1967);

Brodsky et al. (1972); Landshoff and Polkinghorne (1972)]. For example, for fixed

Q2 a t−independent real constant term in the spin amplitude A1 would correspond

to a J = 1 fixed pole. Fixed poles are excluded in hadron-hadron scattering by

unitarity but are not excluded from Compton amplitudes (or parton distribution

functions) because these are calculated only to lowest order in the current-hadron

coupling. Indeed, there are two famous examples where fixed poles are required:

(by current algebra) in the Adler sum rule for W-boson nucleon scattering, and

to reproduce the Schwinger term sum rule for the longitudinal structure function

measured in unpolarized deep inelastic ep scattering. We review the derivation of

these fixed pole contributions, and then discuss potential fixed pole corrections to

the Burkhardt-Cottingham, g1 and Gerasimov-Drell-Hearn sum-rules.

Fixed poles in the real part of the forward Compton amplitude have the

potential to induce “subtraction at infinity” corrections to sum rules for photon

nucleon (or lepton nucleon) scattering. For example, a ν independent term in the

real part of A1 would induce a subtraction constant correction to the spin sum rule

for the first moment of g1. Bjorken scaling at largeQ2 constrains the Q2 dependence

of the residue of any fixed pole in the real of the forward Compton amplitude (e.g.

β1(Q
2) and β2(Q

2) in the dispersion relations (3.20) ). To be consistent with scaling

these residues must decay as or faster than 1/Q2 as Q2 → ∞. That is, they must

be nonpolynomial in Q2.

69
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5.1 Adler sum rule

The first example we consider is the Adler sum rule for W-boson nucleon scattering

[Adler (1966)]:
∫ +∞

Q2/2M

dν

[
W ν̄p

2 (ν,Q2) −W νp
2 (ν,Q2)

]
=

∫ 1

0

dx

x

[
F ν̄p

2 (x,Q2) − F νp
2 (x,Q2)

]

=
4 − 2 cos2 θc (BCT)

2 (ACT).
(5.1)

Here θc is the Cabibbo angle, and BCT and ACT refer to below and above the

charm production threshold.

The Adler sum rule is derived from current algebra. The right hand side of

the sum rule is the coefficient of a J = 1 fixed pole term

i

π
fabc Fc

[
(pµqν + qµpν) −Mνgµν

]
/Q2 (5.2)

in the imaginary part of the forward Compton amplitude for W-boson nucleon scat-

tering [Heimann et al. (1972)]. This fixed pole term is required by the commutation

relations between the charge raising and lowering weak currents

qµT
µν
ab = − 1

π

∫
d4x eiq.x 〈p, s|

[
J0

a(x), Jν
b (0)

]
|p, s〉δ(x0)

= − i

π
fabc〈ps|Jν

c (0)|ps〉. (5.3)

Here Fc is a generalized form factor at zero momentum transfer:

〈p, s|Jν
c (0)|p, s〉 ≡ pνFc. (5.4)

The fixed pole term appears in lowest order perturbation theory, and is not renor-

malized because it is a consequence of the charge algebra. The Adler sum rule is

protected against radiative QCD corrections

5.2 Schwinger term sum rule

Our second example is the Schwinger term sum rule [Broadhurst et al. (1973)]

which relates the logarithmic integral in ω (or Bjorken x) of the longitudinal struc-

ture function FL(ω,Q2) (FL = 1
2ωF2 − F1) measured in unpolarized deep inelastic

scattering to the target matrix element of the operator Schwinger term S defined

through the equal-time commutator of the electromagnetic charge and current den-

sities

〈p, s|
[
J0(~y, 0), Ji(0)

]
|p, s〉 = i ∂i δ

3(~y) S. (5.5)

The Schwinger term sum rule reads

S = lim
Q2→∞

[
4

∫ ∞

1

dω

ω
F̃L(ω,Q2) − 4

∑

α>0

γ(α,Q2)/α− C(q2)

]
. (5.6)
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Here C(Q2) is the nonpolynomial residue of any J = 0 fixed pole contribution in

the real part of T2 and

F̃L(ω,Q2) = FL(ω,Q2) −
∑

α≥0

γ(α,Q2)ωα (5.7)

represents FL with the leading (α > 0) Regge behaviour subtracted. The integral

in Eq. (5.6) is convergent because F̃L(ω,Q2) is defined with all Regge contributions

with effective intercept greater than or equal to zero removed from FL(Q2, ω). The

Schwinger term S vanishes in vector gauge theories like QCD.

Since FL(ω,Q2) is positive definite, it follows that QCD possesses the required

non-vanishing J = 0 fixed pole in the real part of T2.

The Schwinger term sum rule and the presence of the required J = 0 fixed

pole have been checked in φ3 theory and in perturbative QCD where the fixed pole

appears at O(αs) [Broadhurst et al. (1973)].

5.3 Burkhardt-Cottingham sum rule

The third example, and the first in connection with spin, is the Burkhardt-

Cottingham sum rule for the first moment of g2 [Burkhardt and Cottingham

(1970)]:
∫ ∞

Q2/2M

dν G2(Q
2, ν) =

2M3

Q2

∫ 1

0

dxg2 = 0 . (5.8)

Suppose that future experiments find that the sum rule is violated and that the

integral is finite. The conclusion [Jaffe (1990)] would be a J = 0 fixed pole with

nonpolynomial residue in the real part of A2. To see this work at fixed Q2 and

assume that all Regge-like singularities contributing to A2(ν,Q
2) have intercept

less than zero so that

A2(ν,Q
2) ∼ ν−1−ε (5.9)

as ν → ∞ for some ε > 0. Then the large ν behaviour of A2 is obtained by taking

ν → ∞ under the ν′ integral giving

A2(Q
2, ν) ∼ − 2

πν

∫ ∞

Q2/2M

dν′ ImA2(Q
2, ν′) (5.10)

which contradicts the assumed behaviour unless the integral vanishes; hence the

sum rule. If there is an α(0) = 0 fixed pole in the real part of A2 the fixed pole will

not contribute to ImA2 and therefore not spoil the convergence of the integral.

One finds

β2(Q
2) ∼ − 2

πM

∫ ∞

Q2/2M

dν′ ImA2(Q
2, ν′) (5.11)

for the residue of any J = 0 fixed pole coupling to A2(Q
2, ν).
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5.4 g1 spin sum rules

Scaling requires that any fixed pole correction to the Ellis-Jaffe g1 sum rule must

have nonpolynomial residue. Through Eq. (3.20), the fixed pole coefficient β1(Q
2)

must decay as or faster than O(1/Q2) as Q2 → ∞. The coefficient is further

constrained by the requirement that G1 contains no kinematic singularities (for ex-

ample at Q2 = 0). In Chapter 6 we will identify a potential leading-twist topological

x = 0 contribution to the first moment of g1 through analysis of the axial anomaly

contribution to g
(0)
A . This zero-mode topological contribution (if finite) generates a

leading twist fixed pole correction to the flavour-singlet part of
∫ 1

0
dxg1. If present,

this fixed pole will also violate the Gerasimov-Drell-Hearn sum rule (since the two

sum rules are derived from A1) unless the underlying dynamics suppress the fixed

pole’s residue at Q2 = 0. The possibility of a fixed pole correction to g1 spin sum-

rules was raised in pre-QCD work as early as Abarbanel and Goldberger (1968)

and Heimann (1973).

Note that any fixed pole correction to the Gerasimov-Drell-Hearn sum rule is

most probably a non-perturbative effect. The sum rule (3.20) has been verified to

O(α2) for all 2 → 2 processes γa→ bc where a is either a real lepton, quark, gluon

or elementary Higgs target [Altarelli et al. (1972); Brodsky and Schmidt (1995)],

and for electrons in QED to O(α3) [Dicus and Vega (2001)].

One could test for a fixed pole correction to the Ellis-Jaffe moment through

a precision measurement of the flavour singlet axial charge from an independent

process where one is not sensitive to theoretical assumptions about the presence or

absence of a J = 1 fixed pole in A1. Here the natural choice is elastic neutrino proton

scattering where the parity violating part of the cross-section includes a direct weak

interaction measurement of the scale invariant flavour-singlet axial charge g
(0)
A |inv.

A further test could come from a precision measurement of the Q2 dependence

of the polarized gluon distribution at next-to-next-to-leading order accuracy where

one becomes sensitive to any possible leading-twist subtraction constant – see below

Eq. (6.41).

The subtraction constant fixed pole correction hypothesis could also, in prin-

ciple, be tested through measurement of the real part of the spin dependent part of

the forward deeply virtual Compton amplitude. While this measurement may seem

extremely difficult at the present time one should not forget that Bjorken believed

when writing his original Bjorken sum rule paper that the sum rule would never be

tested!



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

Chapter 6

THE AXIAL ANOMALY, GLUON

TOPOLOGY AND g
(0)
A

We have seen in Chapter 3 that the first moment of g1 projects out the nucleon

matrix elements of the axial-vector currents and that, in the singlet channel, there is

no gauge-invariant twist-two spin-one local gluonic operator which might contribute

to
∫ 1

0
dxg1. However, the flavour-singlet current JGI

µ5 is sensitive to gluonic degrees

of freedom through a QCD effect called the axial anomaly. The anomaly induces

both perturbative and non-perturbative QCD effects in g
(0)
A .

6.1 The axial anomaly

In QCD one has to consider the effects of renormalization. The flavour singlet axial

vector current JGI
µ5 in Eq. (4.5) satisfies the anomalous divergence equation [Adler

(1969); Bell and Jackiw (1969); Crewther (1979); Shore (1998a)]

∂µJGI
µ5 = 2f∂µKµ +

f∑

i=1

2imiq̄iγ5qi (6.1)

where

Kµ =
g2

32π2
εµνρσ

[
Aν

a

(
∂ρAσ

a − 1

3
gfabcA

ρ
bA

σ
c

)]
(6.2)

is the gluonic Chern-Simons current and the number of light flavours f is 3. Here

Aµ
a is the gluon field and ∂µKµ = g2

32π2GµνG̃
µν is the topological charge density.

Eq. (6.1) allows us to define a partially conserved current

JGI
µ5 = Jcon

µ5 + 2fKµ (6.3)

viz. ∂µJcon
µ5 =

∑f
i=1 2imiq̄iγ5qi.

The anomaly is the physical manifestation of a clash of classical symmetries

under renormalization. When one renormalizes the flavour-singlet axial-vector cur-

rent operator the triangle diagram with one axial-vector current vertex and two

vector current vertices is important. One can choose an ultraviolet regularization

which preserves current conservation (gauge-invariance) at the gluon vector-current

vertices or one can preserve the partially conserved axial-vector current relation at

73
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the γµγ5 vertex but not both. Gauge invariance must win because it is dynamical

and is required for renormalization leading to the anomaly on the right hand side

of Eq. (6.1).

When we make a gauge transformation U the gluon field transforms as

Aµ → UAµU
−1 +

i

g
(∂µU)U−1 (6.4)

and the operator Kµ transforms as

Kµ → Kµ + i
g

8π2
εµναβ∂

ν

(
U †∂αUAβ

)

+
1

24π2
εµναβ

[
(U †∂νU)(U †∂αU)(U †∂βU)

]
.

(6.5)

(Partially) conserved currents are not renormalized. It follows that J con
µ5 is renormal-

ization scale invariant and the scale dependence of JGI
µ5 associated with the factor

E(αs) is carried by Kµ. This is summarized in the equations:

JGI
µ5 = Z5 J

GI
µ5

∣∣∣∣
bare

Kµ = Kµ|bare +
1

2f
(Z5 − 1)Jµ5

∣∣∣∣
bare

Jcon
µ5 = Jcon

µ5

∣∣∣∣
bare

(6.6)

where Z5 denotes the renormalization factor for JGI
µ5 . Gauge transformations shuffle

a scale invariant operator quantity between the two operators J con
µ5 and Kµ whilst

keeping JGI
µ5 invariant.

The nucleon matrix element of JGI
µ5 is

〈p, s|JGI
5µ |p′, s′〉 = 2M

[
s̃µGA(l2) + lµl.s̃GP (l2)

]
(6.7)

where lµ = (p′ − p)µ and s̃µ = u(p,s)γµγ5u(p′,s′)/2M . The current JGI
5µ does not

couple to a massless Goldstone boson – the lightest mass isosinglet 0− bosons are

the η with mass 547.75 MeV and the η′ with mass 958 MeV. It follows that GA(l2)

and GP (l2) contain no massless pole terms. The forward matrix element of JGI
5µ is

well defined and

g
(0)
A |inv = E(αs)GA(0). (6.8)

We would like to isolate the gluonic contribution to GA(0) associated with Kµ

and thus write g
(0)
A as the sum of (measurable) “quark” and “gluonic” contributions.

Here one has to be careful because of the gauge dependence of the operator Kµ.

To understand the gluonic contributions to g
(0)
A it is helpful to go back to the deep

inelastic cross-section in Chapter 2.
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6.2 The anomaly and the first moment of g1

We specialise to the target rest frame and let E denote the energy of the incident

charged lepton which is scattered through an angle θ to emerge in the final state

with energy E′. Let ↑↓ denote the longitudinal polarization of the beam and ⇑⇓
denote a longitudinally polarized proton target. The spin dependent part of the

differential cross-sections is
(
d2σ ↑⇓
dΩdE′

− d2σ ↑⇑
dΩdE′

)

=
4α2E

′

Q2EMν

[
(E +E

′

cos θ) g1(x,Q
2) − 2xM g2(x,Q

2)

]
(6.9)

(6.10)

which is obtained from the product of the lepton and hadron tensors

d2σ

dΩdE′ =
α2

Q4

E′

E
LA

µν W
µν
A . (6.11)

Here the lepton tensor

LA
µν = 2iεµναβk

αqβ (6.12)

describes the lepton-photon vertex and the hadronic tensor

1

M
W µν

A = iεµνρσqρ

(
sσ

1

p.q
g1(x,Q

2)

+[p.qsσ − s.qpσ ]
1

M2p.q
g2(x,Q

2)

)

(6.13)

describes the photon-nucleon interaction.

Deep inelastic scattering involves the Bjorken limit: Q2 = −q2 and p.q =

Mν both → ∞ with x = Q2

2Mν held fixed. In terms of light-cone coordinates this

corresponds to taking q− → ∞ with q+ = −xp+ held finite. The leading term in

W µν
A is obtained by taking the Lorentz index of sσ as σ = +. (Other terms are

suppressed by powers of 1
q−

.)

If we wish to understand the first moment of g1 in terms of the matrix elements

of anomalous currents (Jcon
µ5 and Kµ), then we have to understand the forward

matrix element of K+ and its contribution to GA(0).

Here we are fortunate in that the parton model is formulated in the light-

cone gauge (A+ = 0) where the forward matrix elements of K+ are invariant.

In the light-cone gauge the non-abelian three-gluon part of K+ vanishes. The

forward matrix elements of K+ are then invariant under all residual gauge degrees

of freedom. Furthermore, in this gauge, K+ measures the gluonic “spin” content of

the polarized target [Jaffe (1996); Manohar (1990)] – strictly speaking, up to the



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

76 THE SPIN STRUCTURE OF THE PROTON

non-perturbative surface term we find from integrating the light-cone correlation

function, Eq. (3.48). One finds

G
(A+=0)
A (0) =

∑

q

∆qcon − f
αs

2π
∆g (6.14)

where ∆qcon is measured by the partially conserved current J con
+5 and −αs

2π ∆g is

measured by K+. Positive gluon polarization tends to reduce the value of g
(0)
A and

offers a possible source for OZI violation in g
(0)
A |inv. The connection between this

more formal derivation and the QCD parton model will be explored in Section 6.5

below. In perturbative QCD ∆qcon is identified with ∆qpartons and ∆g is identified

with ∆gpartons – see Section 6.5 below and Altarelli and Ross (1988), Carlitz et al.

(1988), Efremov and Teryaev (1988) and Bass et al. (1991).

6.3 Gluon topology and g
(0)
A

If we were to work only in the light-cone gauge we might think that we have a

complete parton model description of the first moment of g1. However, one is

free to work in any gauge including a covariant gauge where the forward matrix

elements of K+ are not necessarily invariant under the residual gauge degrees of

freedom [Jaffe and Manohar (1990)]. Understanding the interplay between spin

and gauge invariance leads to rich and interesting physics possibilities.

We illustrate this by an example in covariant gauge.

The matrix elements of Kµ need to be specified with respect to a specific

gauge. In a covariant gauge we can write

〈p, s|Kµ|p′, s′〉 = 2M

[
s̃µKA(l2) + lµl.s̃KP (l2)

]
(6.15)

where KP contains a massless Kogut-Susskind pole [Kogut and Susskind (1974)].

This massless pole is an essential ingredient in the solution of the axial U(1) problem

[Crewther (1979)] (the absence of any near massless Goldstone boson in the singlet

channel associated with spontaneous axial U(1) symmetry breaking) and cancels

with a corresponding massless pole term in (GP −KP ). The Kogut Susskind pole is

associated with the (unphysical) massless boson that one expects to couple to J con
µ5

in the chiral limit and which is not seen in the physical spectrum.

We next define gauge-invariant form-factors χg(l2) for the topological charge

density and χq(l2) for the quark chiralities in the divergence of Jµ5:

2M l.s̃ χg(l2) = 〈p, s| g2

32π2
GµνG̃

µν |p′, s′〉

2M l.s̃ χq(l2) = 〈p, s|
f∑

i=1

2imiq̄iγ5qi|p′, s′〉. (6.16)

Working in a covariant gauge, we find

χg(l2) = KA(l2) + l2KP (l2) (6.17)
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by contracting Eq. (6.15) with lµ. (Also, note the general gauge invariant formula

g
(0)
A = χq(0) + fχg(0).)

When we make a gauge transformation any change δgt in KA(0) is compen-

sated by a corresponding change in the residue of the Kogut-Susskind pole in KP ,

viz.

δgt[KA(0)] + lim
l2→0

δgt[l
2KP (l2)] = 0. (6.18)

As emphasised above, the Kogut-Susskind pole corresponds to the Goldstone boson

associated with spontaneously broken UA(1) symmetry [Crewther (1979)]. There is

no Kogut-Susskind pole in perturbative QCD. It follows that the quantity which is

shuffled between the Jcon
+5 and K+ contributions to g

(0)
A is strictly non-perturbative;

it vanishes in perturbative QCD and is not present in the QCD parton model.

The QCD vacuum is understood to be a Bloch superposition of states charac-

terised by different topological winding number [Callan et al. (1976); Jackiw and

Rebbi (1976)]

|vac, θ〉 =
∑

n

einθ |n〉 (6.19)

where the QCD θ angle is zero (experimentally less than 10−10) – see e.g. Quinn

(2004).

One can show [Jaffe and Manohar (1990)] that the forward matrix elements

of Kµ are invariant under “small” gauge transformations (which are topologically

deformable to the identity) but not invariant under “large” gauge transformations

which change the topological winding number. Perturbative QCD involves only

“small” gauge transformations; “large” gauge transformations involve strictly non-

perturbative physics. The second term on the right hand side of Eq. (6.5) is a total

derivative; its matrix elements vanish in the forward direction. The third term on

the right hand side of Eq. (6.5) is associated with the gluon topology [Cronström

and Mickelsson (1983)].

The topological winding number is determined by the gluonic boundary con-

ditions at “infinity”, viz.
∫
dσµK

µ = n (6.20)

where n is an integer and σµ is a large surface with boundary which is spacelike

with respect to the positions zk of any operators or fields in the physical problem

[Crewther (1979)]. It is insensitive to local deformations of the gluon field Aµ(z)

or of the gauge transformation U(z). When we take the Fourier transform to mo-

mentum space the topological structure induces a light-cone zero-mode which can

contribute to g1 only at x = 0. Hence, we are led to consider the possibility that

there may be a term in g1 which is proportional to δ(x) [Bass (1998)].

It remains an open question whether the net non-perturbative quantity which

is shuffled between KA(0) and (GA −KA)(0) under “large” gauge transformations

is finite or not. If it is finite and, therefore, physical, then, when we choose A+ = 0,
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this non-perturbative quantity must be contained in some combination of the ∆qcon
and ∆g in Eq. (6.14).

Previously, in Chapters 3 and 5, we found that a J = 1 fixed pole in the real

part of A1 in the forward Compton amplitude could also induce a “δ(x) correction”

to the sum rule for the first moment of g1 through a subtraction at infinity in the

dispersion relation (3.19). Both the topological x = 0 term and the subtraction

constant Q2

2M2 β1(Q
2) (if finite) give real coefficients of 1

x terms in Eq. (3.20). It

seems reasonable therefore to conjecture that the physics of gluon topology may

induce a J = 1 fixed pole correction to the Ellis-Jaffe sum rule. Whether this

correction is finite or not is an issue for future experiments.

Instantons provide an example how to generate topological x = 0 polarization

[Bass (1998)]. Quarks instanton interactions flip chirality, thus connecting left and

right handed quarks. To understand this process and its phenomenology, we first

need a rigorous definition of the chirality that gets flipped in this process.

dL

uL

sL

dR

uR

sR

The axial anomaly presents us with three candidate currents we might try

to use to define the quark spin content: JGI
µ5 , the renormalization scale invari-

ant E(αs)J
GI
µ5 and Jcon

µ5 . One might also consider using the chiralities χ(q) from

Eq. (6.16). We next explain how each current yields gauge invariant possible defi-

nitions.

First, note that if we try to define intrinsic spin operators

Sk =

∫
d3x (qγkγ5q) k = 1, 2, 3 (6.21)

using the axial vector current operators, then we find that the operators constructed

using the gauge invariantly renormalized current Jµ5 cannot satisfy the (spin) com-

mutation relations of SU(2) [Si, Sj ](µ
2) = iεijkSk(µ2) at more than one scale µ2

because of the anomalous dimension and the renormalization group factor associ-

ated with E(αs) and the axial anomaly [Bass and Thomas (1993b)]. The most

natural scale to normalize the axial vector current operators to satisfy SU(2) is,

perhaps, µ → ∞ – that is, using the scale invariant current {E(αs)J
GI
µ5 }. Then

we find [Si, Sj ](µ
2) = iεijkE(αs)Sk(µ2) if we use the gauge invariant current renor-

malized at another scale. One might argue that gluon spin is renormalization scale

dependent – see Eq. (6.40) – so not worry too much about this issue but there are

further points to consider.
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Next choose the A0 = 0 gauge and define two operator charges:

X(t) =

∫
d3z JGI

05 (z)

Q5 =

∫
d3z Jcon

05 (z).

(6.22)

Because partially conserved currents are not renormalized it follows that Q5 is a

time independent operator. The charge X(t) is manifestly gauge invariant whereas

Q5 is invariant only under “small” gauge transformations; the charge Q5 transforms

as

Q5 → Q5 − 2f n (6.23)

where n is the winding number associated with the gauge transformation U . Al-

though Q5 is gauge dependent we can define a gauge invariant chirality q5 for a given

operator O through the gauge-invariant eigenvalues of the equal-time commutator

[ Q5 , O ]− = −q5 O. (6.24)

The gauge invariance of q5 follows since this commutator appears in gauge invariant

Ward Identities [Crewther (1979)] despite the gauge dependence of Q5. The time

derivative of spatial components of the gluon field have zero chiralty q5

[ Q5 , ∂0Ai ]− = 0 (6.25)

but non-zero X charge

lim
t′→t

[
X(t′) , ∂0Ai(~x, t)

]

−
=

ifg2

4π2
G̃0i + O(g4 ln |t′ − t|). (6.26)

The analogous situation in QED is discussed in Adler and Boulware (1969),

Jackiw and Johnson (1969) and Adler (1970). Eq. (6.25) follows from the non-

renormalization of the conserved current J con
µ5 . Eq. (6.26) follows from the implicit

Aµ dependence of the (anomalous) gauge invariant current JGI
µ5 . The higher-order

terms g4 ln |t′ − t| are caused by wavefunction renormalization of JGI
µ5 [Crewther

(1979)].

6.4 Instantons and UA(1) symmetry

To help understand topological x = 0 polarization, it is interesting to consider the

relation between instanton tunneling processes and the realization of axial U(1)

symmetry breaking in QCD.

For integer values of the topological winding number n, the states |n〉 contain

nf quark-antiquark pairs with non-zero Q5 chirality
∑

l

χl = −2ξRfn (6.27)
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where f is the number of light-quark flavours. Relative to the |n = 0〉 state, the

|n = +1〉 state carries topological winding number +1 and f quark-antiquark pairs

with Q5 chirality equal to −2fξR. The factor ξR is equal to +1 if the UA(1)

symmetry of QCD is associated with J con
µ5 and equal to -1 if the UA(1) symmetry

is associated with JGI
µ5 – see below.

There are two schools of thought [Crewther (1979); ’t Hooft (1986)] about

how instantons break UA(1) symmetry. Both of these schools start from ’t Hooft’s

observation [’t Hooft (1976a,b)] that the flavour determinant

〈det

[
qL

iqR
j(z)

]
〉inst. 6= 0 (6.28)

in the presence of a vacuum tunneling process between states with different topo-

logical winding number. (We denote the tunneling process by the subscript “inst.”.

It is not specified at this stage whether “inst.” denotes an instanton or an anti-

instanton.)

Whether instantons spontaneously or explicitly break axial U(1) symmetry

depends on the role of zero modes in the quark instanton interaction and how one

should include non local structure in the local anomalous Ward identity. Topolog-

ical x = 0 polarization is natural in theories of spontaneous axial U(1) symmetry

breaking by instantons [Crewther (1979)] where any instanton induced suppression

of g
(0)
A |pDIS is compensated by a shift of flavour-singlet axial charge from quarks car-

rying finite momentum to a zero mode (x = 0). It is not generated by mechanisms

[’t Hooft (1986)] of explicit U(1) symmetry breaking by instantons. Experimental

evidence for or against a “subtraction at infinity” correction to the Ellis-Jaffe sum

rule would provide valuable information about gluon topology and vital clues to the

nature of dynamical axial U(1) symmetry breaking in QCD.

(1) Explicit UA(1) symmetry breaking

In this scenario [’t Hooft (1976a,b, 1986)] the UA(1) symmetry of QCD is

associated with the current JGI
µ5 and the topological charge density is treated

like a mass term in the divergence of JGI
µ5 . The quark chiralities which appear

in the flavour determinant (6.28) are associated with X(t) so that the net axial

charge g
(0)
A is not conserved (∆X 6= 0) and the net Q5 chirality is conserved

(∆Q5 = 0) in quark instanton scattering processes.

In QCD with f light flavoured quarks the (anti-)instanton “vertex” involves a

total of 2f light quarks and antiquarks. Consider a flavour-singlet combination

of f right-handed (Q5 = +1) quarks incident on an anti-instanton. The final

state for this process consists of a flavour-singlet combination of f left-handed

(Q5 = −1) quarks; +2f units of Q5 chirality are taken away by an effective

“schizon” [’t Hooft (1986)] which carries zero energy and zero momentum.

The “schizon” is introduced to ensure Q5 conservation. Energy and momentum

are conserved between the in-state and out-state quarks in the quark-instanton

scattering process. The non-conservation of g
(0)
A is ensured by a term coupled
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to Kµ with equal magnitude and opposite sign to the “schizon” term which also

carries zero energy and zero momentum. This gluonic term describes the change

in the topological winding number which is induced by the tunneling process.

The anti-instanton changes the net UA(1) chirality by an amount (∆X = −2f).

(2) Spontaneous UA(1) symmetry breaking

In this scenario the UA(1) symmetry of QCD is associated with the partially-

conserved axial-vector current J con
µ5 . Here, the quark chiralities which appear in

the flavour determinant (6.28) are identified with Q5. With this identification,

the net axial charge g
(0)
A is conserved (∆X = 0) and the net Q5 chirality is

not conserved (∆Q5 6= 0) in quark instanton scattering processes. This result

is the opposite to what happens in the explicit symmetry breaking scenario.

When f right-handed quarks scatter on an instanton1 the final state involves f

left-handed quarks. There is no “schizon” and the instanton induces a change

in the net Q5 chirality ∆Q5 = −2f . The conservation of g
(0)
A is ensured by

the gluonic term coupled to Kµ which measures the change in the topological

winding number and which carries zero energy and zero momentum. The charge

Q5 is time independent for massless quarks (where J con
µ5 is conserved). Since

∆Q5 6= 0 in quark instanton scattering processes we find that the UA(1) sym-

metry is spontaneously broken by instantons. The Goldstone boson is manifest

[Crewther (1979)] as the massless Kogut-Susskind pole which couples to J con
µ5

and Kµ but not to JGI
µ5 .

In both the explicit and spontaneous symmetry breaking scenarios we may

consider multiple scattering of the incident quark first from an instanton and then

from an anti-instanton. Let this process recur a large number of times. When

we time-average over a large number of such interactions, then the time averaged

expectation value of the chirality Q5 carried by the incident quark is reduced from

the naive value +1 that it would take in the absence of vacuum tunneling processes.

Indeed, in one flavour QCD the time averaged value of Q5 tends to zero at large

times [Forte and Shuryak (1991)].

In the spontaneous UA(1) symmetry breaking scenario [Crewther (1979)] any

instanton induced suppression of the flavour-singlet axial charge which is measured

in polarized deep inelastic scattering is compensated by a net transfer of axial charge

or “spin” from partons carrying finite momentum fraction x to the flavour-singlet

topological term at x = 0. It induces a flavour-singlet δ(x) term in g1 which is not

present in the explicit UA(1) symmetry breaking scenario.

The net topological term is gauge invariant. In the A0 = 0 gauge the x = 0

polarisation is “gluonic” and is measured by
∫
d3zK0. In the light-cone gauge

this polarisation may be re-distributed between the “quark” and “gluonic” terms

measured by Jcon
+5 and K+ respectively.

1cf. an anti-instanton in the explicit UA(1) symmetry breaking scenario.
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One argument for the spontaneous symmetry breaking scenario comes from

looking at renormalization scale dependence if we seek to extend this discussion to

higher-orders in the QCD coupling αs. For the instanton tunneling process

∆X = ∆Q5 + 2fn (6.29)

where n is the winding number associated with the instanton, the winding number

is an integer and is therefore renormalization scale independent. The term ∆Q5

is renormalization scale invariant because it corresponds to the partially conserved

axial-current. On the other hand, the X charge is associated with the multiplica-

tively renormalized gauge-invariant axial-current and carries the 2-loop anomalous

dimension associated with E(αs). It is scale dependent. One cannot equate a scale

dependent quantity to a scale invariant one.

This formalism generalizes readily to the definition of baryon number in the

presence of electroweak gauge fields. The vector baryon number current is sensitive

to the axial anomaly through the parity violating electroweak interactions. If one

requires that baryon number is renormalization group invariant and that the time

derivative of the spatial components of the W boson field have zero baryon number,

then one is led to using the conserved vector current analogy of q5 to define the

baryon number. Sphaleron induced electroweak baryogenesis in the early Universe

[Rubakov and Shaposhnikov (1996); Kuzmin et al. (1985)] is then accompanied

by the formation of a “topological condensate” [Bass (2004)] which (probably)

survives in the Universe we live in today.

Lastly, we comment on the use of the chiralities χq and the quantity χg to

define the “quark spin” and “gluon spin” content of the proton. This suggestion

starts from the decomposition

g
(0)
A = χq(0) + 3χg(0) (6.30)

but is less optimal because the separate “quark” and “gluonic” pieces is very much

infra-red sensitive and strongly dependent of the ratios of the light quark masses

mu/md [Cheng and Li (1989); Veneziano (1989)] – see also Gross et al. (1979)

and Ioffe (1979). Indeed, for the polarized real photon structure function gγ
1 the

quantity χg
photon ∼ 30 at realistic deep inelastic values of Q2 [Bass (1992)] !

6.5 Photon gluon fusion

We next consider the role of the axial anomaly in the QCD parton model and its

relation to semi-inclusive measurements of jets and high kt hadrons in polarized

deep inelastic scattering.

Consider the polarized photon-gluon fusion process γ∗g → qq̄. We evaluate the

g1 spin structure function for this process as a function of the transverse momentum

squared of the struck quark, k2
t , with respect to the photon-gluon direction. We

use q and p to denote the photon and gluon momenta and use the cut-off k2
t ≥ λ2
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a) b)

c

c c

c

Fig. 6.1 Feynman diagrams for charm production via photon-gluon fusion.

to separate the total phase space into “hard” (k2
t ≥ λ2) and “soft” (k2

t < λ2)

contributions. One finds

g
(γ∗g)
1 |hard =

−αs

2π

√
1 − 4(m2+λ2)

s

1 − 4x2P 2

Q2

[
(2x− 1)(1 − 2xP 2

Q2
)

{
1 − 1√

1 − 4(m2+λ2)
s

√
1 − 4x2P 2

Q2

ln

(1 +
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s

1 −
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s

)}

+(x− 1 +
xP 2

Q2
)

(
2m2(1 − 4x2P 2

Q2 ) − P 2x(2x − 1)(1 − 2xP 2

Q2 )
)

(m2 + λ2)(1 − 4x2P 2

Q2 ) − P 2x(x − 1 + xP 2

Q2 )

]

(6.31)

for each flavour of quark liberated into the final state [Bass et al. (1998)]. Here

m is the quark mass, Q2 = −q2 is the virtuality of the hard photon, P 2 = −p2 is

the virtuality of the gluon target, x is the Bjorken variable (x = Q2

2p.q ) and s is the

centre of mass energy squared, s = (p+ q)2 = Q2
(

1−x
x

)
− P 2, for the photon-gluon

collision.

When Q2 → ∞ the expression for g
(γ∗g)
1 |hard simplifies to the leading twist

(=2) contribution:

g
(γ∗g)
1 |hard =

αs

2π

[
(2x− 1)

{
ln

1 − x

x
− 1 + ln

Q2

x(1 − x)P 2 + (m2 + λ2)

}

+(1 − x)
2m2 − P 2x(2x− 1)

m2 + λ2 − P 2x(x− 1)

]

(6.32)

Here we take λ to be independent of x. Note that for finite quark masses, phase

space limits Bjorken x to xmax = Q2/(Q2+P 2+4(m2+λ2)) and protects g
(γ∗g)
1 |hard
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from reaching the ln(1 − x) singularity in Eq. (6.32). For this photon-gluon fusion

process, the first moment of the “hard” contribution is:
∫ 1

0

dx g
(γ∗g)
1 |hard

= −αs

2π



1 +
2m2

P 2

1√
1 + 4(m2+λ2)

P 2

ln





√
1 + 4(m2+λ2)

P 2 − 1
√

1 + 4(m2+λ2)
P 2 + 1







 .

(6.33)

The “soft” contribution to the first moment of g1 is then obtained by subtracting

Eq. (6.33) from the inclusive first moment (obtained by setting λ = 0), viz.

g
(γ∗g)
1 |soft = g

(γ∗g)
1 |full − g

(γ∗g)
1 |hard (6.34)

For fixed gluon virtuality P 2 the photon-gluon fusion process induces two

distinct contributions to the first moment of g1. Consider the leading twist con-

tribution, Eq. (6.33). The first term, −αs

2π , in Eq. (6.33) is mass-independent and

comes from the region of phase space where the struck quark carries large transverse

momentum squared k2
t ∼ Q2. It measures a contact photon-gluon interaction and is

associated with the axial anomaly though the K+ Chern-Simons current contribu-

tion to JGI
µ5 [Carlitz et al. (1988); Bass et al. (1991)]. The second mass-dependent

term comes from the region of phase-space where the struck quark carries trans-

verse momentum k2
t ∼ m2, P 2. This positive mass dependent term is proportional

to the mass squared of the struck quark. The mass-dependent in Eq. (6.33) can

safely be neglected for light-quark flavor (up and down) production. It is very im-

portant for strangeness and charm production [Bass et al. (1999)]. For vanishing

cut-off (λ2 = 0) this term vanishes in the limit m2 � P 2 and tends to +αs

2π when

m2 � P 2 (so that the first moment of g
(γ∗g)
1 vanishes in this limit). The vanishing

of
∫ 1

0
dxg

(γ∗g)
1 in the limit m2 � P 2 to leading order in αs(Q

2) follows from an

application [Bass et al. (1998)] of the fundamental GDH sum-rule.

The cut-off λ2 in Eqs. (6.31) and (6.32) may, in general, be a function of x:

λ2 = λ2
0f0(x) + P 2f1(x) +m2f2(x). (6.35)

Examples include the virtuality of the struck quark

m2 − k2 = P 2x+
k2

t +m2

(1 − x)
> λ2

0 = constant(x) (6.36)

or the invariant mass squared of the quark-antiquark pair produced in the photon-

gluon collision

M2
qq =

k2
t +m2

x(1 − x)
+ P 2 = (m2 − k2)/x ≥ λ2

0 = constant(x). (6.37)

These different choices of infrared cut-offs correspond to different jet definitions and

different factorization schemes for photon-gluon fusion in the QCD parton model –

see Bass et al. (1991, 1998); Mankiewicz (1991) and Manohar (1991).
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If we evaluate the first moment of g
(γ∗g)
1 using the cut-off on the quarks’ virtu-

ality, then we find “half of the anomaly” in the gluon coefficient through the mixing

of transverse and longitudinal momentum components. The anomaly coefficient for

the first moment is recovered with the invariant mass squared cut-off through a

sensitive cancellation of large and small x contributions [Bass et al. (1991)]. If we

set λ2 to zero, including the maximum phase space, then we obtain the full box

graph contribution to g
(γ∗g)
1 . If we take λ2 to be finite and independent of x, then

the crossing symmetry of g
(γ∗g)
1 under the exchange of (p ↔ q) is realised sepa-

rately in each of the “hard” and “soft” parts of g
(γ∗g)
1 which corresponds to phase

space with (k2
T > λ2) and (k2

T < λ2) respectively. Substituting Eqs. (6.36) and

(6.37) into Eq. (6.31) we find that the “hard” and “soft” contributions to g
(γ∗g)
1

do not separately satisfy the (p ↔ q) symmetry of g
(γ∗g)
1 (x,Q2) if use an x de-

pendent cut-off to define the “hard” part of the total phase space. The reason

for this is that the transverse momentum is defined perpendicular to the plane

spanned by pµ and qµ in momentum space. The x dependent cut-offs mix the

transverse and longitudinal components of momentum. They induce a violation

of crossing symmetry in g
(γ∗g)
1 |hard(x,Q2) under (p ↔ q). Among the possible

kinematic cut-offs, the x independent cut-off on the transverse momentum squared

preserves the crossing symmetry of g
(γ∗g)
1 under (p ↔ q) in both the hard gluonic

coefficient Cg = g
(γ∗g)
1 |hard(x,Q

2) and the soft polarized quark distribution of the

gluon ∆q(g) = g
(γ∗g)
1 |soft(x,Q2).

We noted above that when one applies the operator product expansion the

first term in Eq. (6.33) corresponds to the gluon matrix element of the anomalous

gluonic current K+. This operator product expansion analysis can be generalized to

the higher moments of g
(γ∗g)
1 . The anomalous contribution to the higher moments

is controlled by choosing the correct prescription for γ5. One finds that the axial

anomaly contribution to the shape of g1 at finite x is given by the convolution of

the polarized gluon distribution ∆g(x,Q2) with the hard coefficient

C̃(g)|anom = −αs

π
(1 − x) (6.38)

[Bass (1992a); Cheng (1996)]. This anomaly contribution is a small x effect in

g1; it is essentially negligible for x less than 0.05. The hard coefficient C̃(g)|anom is

normally included as a term in the gluonic Wilson coefficent Cg – see Chapter 10.

It is associated with two-quark jet events carrying k2
t ∼ Q2 in the final state.

Eq. (6.33) leads to the well known formula quoted in Chapter 1

g
(0)
A =

(
∑

q

∆q − 3
αs

2π
∆g

)

partons

+ C∞. (6.39)

Here ∆g is the amount of spin carried by polarized gluon partons in the polarized

proton and ∆qpartons measures the spin carried by quarks and antiquarks carrying

“soft” transverse momentum k2
t ∼ m2, P 2. Note that the mass independent contact
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Fig. 6.2
∫ 1
0
dx g

(γ∗g)
1 |soft for polarized strangeness production (left) and light-flavor (u or d)

production (right) with k2
t < λ2 in units of αs

2π
[Bass (2003a)]. Here Q2 = 2.5 GeV2 (dotted line)

and 10 GeV2 (solid line).

interaction in Eq. (6.33) is flavour independent. The mass dependent term asso-

ciated with low kt breaks flavour SU(3) in the perturbative sea. The third term

C∞ = 1
2 limQ2→∞

Q2

2M2 β1(Q
2) describes any fixed pole “subtraction at infinity” cor-

rection to g
(0)
A .

Equations (6.6) yield the renormalization group equation
{
αs

2π
∆g

}

Q2

=

{
αs

2π
∆g

}

∞
+

1

3

{
1/E(αs) − 1

}
g
(0)
A

∣∣∣∣
inv

. (6.40)

It follows that the polarized gluon term satisfies

αs∆g ∼ constant, Q2 → ∞. (6.41)

This key result, first noted in the context of the QCD parton model by Altarelli

and Ross (1988) and Efremov and Teryaev (1988) means that the polarized gluon

contribution makes a scaling contribution to the first moment of g1 at next-to-

leading order. (In higher orders the Q2 evolution of ∆g depends on the value of

g
(0)
A |inv suggesting one, in principle, method to search for any finite C∞.) The growth

in the gluon polarization ∆g ∼ 1/αs at large Q2 is compensated by growth with

opposite sign in the gluon orbital angular momentum.

The transverse momentum dependence of the gluonic and sea quark partonic

contributions to g
(0)
A suggests the interpretation of measurements of quark sea po-

larization will depend on the large kt acceptance of the apparatus. Let g
(γ∗g)
1 |soft(λ)
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denote the contribution to g
(γ∗g)
1 for photon-gluon fusion where the hard photon

scatters on the struck quark or antiquark carrying transverse momentum k2
t < λ2.

Fig. 6.2 shows the first moment of g
(γ∗g)
1 |soft for the strange and light (up and down)

flavour production respectively as a function of the transverse momentum cut-off

λ2. Here we set Q2 = 2.5 GeV2 (corresponding to the HERMES experiment) and

10 GeV2 (COMPASS and SMC). Following Carlitz et al. (1988), we take P 2 ∼ Λ2
qcd

and set P 2 = 0.1 GeV2. Observe the small value for the light-quark sea polarization

at low transverse momentum and the positive value for the integrated strange sea

polarization at low k2
t : kt < 1.5 GeV at the HERMES Q2 = 2.5 GeV2.
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Chapter 7

CHIRAL SYMMETRY AND AXIAL
U(1) DYNAMICS

The physics of the flavour-singlet axial-vector current which is central to the proton

spin problem also plays a vital role in the physics of the η and η′ mesons. Naively,

one expects a nonet of would-be pseudoscalar Goldstone bosons associated with

spontaneously broken chiral symmetry. The light-mass pion and kaon fit well in

this picture but the isosinglet η and η′ states are too heavy to fit. This is the

famous UA(1) problem: the masses of the η and η′ mesons are much greater than

the values they would have if these mesons were pure Goldstone bosons associated

with spontaneously broken chiral symmetry [Weinberg (1975)]. This extra mass

is induced by non-perturbative gluon dynamics and the axial anomaly in the sin-

glet axial-vector current [’t Hooft (1976a,b); Crewther (1979); Veneziano (1979);

Witten (1979)]. The flavour-singlet generalization of the Goldberger-Treiman rela-

tion relates the flavour-singlet axial-charge g
(0)
A to the η′-nucleon coupling constant

gη′NN – thus connecting the proton spin structure with the role of gluonic degrees

of freedom in dynamical axial U(1) symmetry breaking.

7.1 Chiral symmetry and the spin structure of the proton

The isovector Goldberger-Treiman relation [Adler and Dashen (1968)]

2Mg
(3)
A ' fπgπNN (7.1)

relates g
(3)
A and therefore (∆u−∆d) to the product of the pion decay constant fπ and

the pion-nucleon coupling constant gπNN . This result is non-trivial. It means that

the spin structure of the nucleon measured in high-energy, high Q2 polarized deep

inelastic scattering is intimately related to spontaneous chiral symmetry breaking

and low-energy pion physics. The Bjorken sum rule can also be written
∫ 1

0

dx(gp
1 − gn

1 ) =
1

6
{fπgπNN/2M}

{
1 +

∑

`≥1

cNS`α
`
s(Q)

}
(7.2)

(modulo small chiral corrections ∼ 5% coming the finite light quark and pion

masses).

89
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7.2 QCD considerations

In classical field theory Noether’s theorem tells us that there is a conserved current

associated with each global symmetry of the Lagrangian. The QCD Lagrangian

LQCD =
∑

q

q̄L

(
iD̂−gÂ

)
qL+q̄R

(
iD̂−gÂ

)
qR−

∑

q

mq

(
q̄LqR+q̄RqL

)
− 1

2
GµνG

µν

(7.3)

exhibits chiral symmetry for massless quarks: when the quark mass term is turned

off the left- and right-handed quark fields do not couple in the Lagrangian and

transform independently under chiral rotations.

Chiral SU(2)L ⊗ SU(2)R

(
uL

dL

)
7→ ei 1

2 ~α.~τγ5

(
uL

dL

)
,

(
uR

dR

)
7→ ei 1

2
~β.~τγ5

(
uR

dR

)
(7.4)

is associated with the isotriplet axial-vector current J
(3)
µ5

J
(3)
µ5 =

[
ūγµγ5u− d̄γµγ5d

]
(7.5)

which is partially conserved

∂µJ
(3)
µ5 = 2muūiγ5u− 2mdd̄iγ5d (7.6)

The absence of parity doublets in the hadron spectrum tells us that the near-chiral

symmetry for light u and d quarks is spontaneously broken.

The light-mass pion is identified as the corresponding Goldstone boson and

the current J
(3)
µ5 is associated with the pion through PCAC (the partially conserved

axial current) [Adler and Dashen (1968)]

〈vac|J (3)
µ5 (z)|π(q)〉 = −ifπqµe

−iq.z (7.7)

Taking the divergence equation

〈vac|∂µJ
(3)
µ5 (z)|π(q)〉 = −fπm

2
πe

−iq.z (7.8)

the pion mass-squared vanishes in the chiral limit as m2
π ∼ mq . This is the starting

point for chiral perturbation theory.

The Goldberger-Treiman relation is derived as follows. First, the nucleon

matrix element of J
(3)
µ5 is

〈p, s|J (3)
µ5 |p′, s′〉 = 2M

[
s̃µGA(l2) + lµl.s̃GP (l2)

]
(7.9)

where lµ = (p′ − p)µ and s̃µ = u(p,s)γµγ5u(p′,s′)/2M . Since the pion has a small

mass, J
(3)
µ5 does not couple to a massless boson and GA(l2) and GP (l2) contain no

massless pole terms. The forward matrix element of J
(3)
µ5 is well-defined and

g
(3)
A = GA(0). (7.10)
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We take the divergence of J
(3)
µ5 , contract the formula (7.9) with lµ and define the

form-factor χ(3)(l2)

2M l.s̃ χ(3)(l2) = 〈p, s|2imuūiγ5ui − 2imdd̄iγ5d|p′, s′〉. (7.11)

Thus

χ(3)(l2) = GA(l2) + l2GP (l2). (7.12)

The form-factor χ(3)(l2) is analytic in the l2 plane, apart from a cut along the real

axis from 9m2
π to ∞ and the pion pole at l2 = m2

π. If we assume an unsubtracted

dispersion relation in l2, we can write

χ(3)(l2) =
fπgπNN

m2
π − l2

+
1

π

∫ ∞

9m2
π

d(m2)
ρ(m2)

m2 − l2
(7.13)

If we suppose that χ(3)(l2) is dominated by the pion pole term in the dispersion

integral (this is plausible because the beginning of the cut is nine times as far from

l2 = 0 as is the pion pole), we get

2Mg
(3)
A ' fπgπNN (7.14)

which is the Goldberger-Treiman relation.

Isoscalar extensions of the Goldberger-Treiman relation are quite subtle be-

cause of the axial U(1) problem whereby gluonic degrees of freedom mix with the

flavour-singlet Goldstone state to increase the masses of the η and η′ mesons. Spon-

taneous chiral symmetry breaking is associated with a non-vanishing chiral conden-

sate

〈 vac | q̄q | vac 〉 < 0. (7.15)

where q = u, d, s. One expects a nonet of would-be Goldstone bosons: the phys-

ical pions and kaons plus also octet and singlet states. The non-vanishing chiral

condensate also spontaneously breaks the axial U(1) symmetry so, naively, in the

two-flavour theory one expects an isosinglet pseudoscalar degenerate with the pion.

The lightest mass isosinglet is the η meson, which has a mass of 547.75 MeV. In

the singlet channel the axial anomaly and non-perturbative gluon topology induce

a substantial gluonic mass term for the singlet boson.

The puzzle deepens when one considers SU(3). Spontaneous chiral symmetry

breaking suggests an octet of would-be Goldstone bosons: the octet associated with

chiral SU(3)L⊗SU(3)R plus a singlet boson associated with axial U(1) – each with

mass squared m2
Goldstone ∼ mq. The physical η and η′ masses are about 300-400

MeV too big to fit in this picture. One needs extra mass in the singlet channel

associated with non-perturbative topological gluon configurations and the QCD

axial anomaly. The strange quark mass induces considerable η-η′ mixing. For free

mesons the η-η′ mass matrix (at leading order in the chiral expansion) is

M2 =




4
3m

2
K − 1

3m
2
π − 2

3

√
2(m2

K −m2
π)

− 2
3

√
2(m2

K −m2
π) [ 23m

2
K + 1

3m
2
π + m̃2

η0
]



 . (7.16)
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Here m̃2
η0

is the gluonic mass term which has a rigorous interpretation through the

Witten-Veneziano mass formula [Witten (1979); Veneziano (1979); Di Vecchia and

Veneziano (1980)] and which is associated with non-perturbative gluon topology,

related perhaps to confinement [Kogut and Susskind (1974)] or instantons [’t Hooft

(1976a,b)]. The Witten-Veneziano mass formula relates the gluonic mass term for

the singlet boson to the topological susceptibility of pure Yang-Mills (glue with no

quarks)

m̃2
η0

= − 6

f2
π

χ(0) (7.17)

where χ(k2) =
∫
d4z i eik.z 〈vac| T Q(z)Q(0) |vac〉

∣∣
YM

and Q(z) denotes the topo-

logical charge density. Without this singlet gluonic mass term the η meson would

be approximately degenerate with the pion and the η′ meson would have a mass

∼
√

2m2
K −m2

π after we take into account mixing between the octet and singlet

bosons induced by the strange quark mass. The masses of the physical η and η′

mesons are found by diagonalizing this matrix, viz.

|η〉 = cos θ |η8〉 − sin θ |η0〉 (7.18)

|η′〉 = sin θ |η8〉 + cos θ |η0〉

where

η0 =
1√
3

(uū+ dd̄+ ss̄), η8 =
1√
6

(uū+ dd̄− 2ss̄). (7.19)

One obtains values for the η and η′ masses:

m2
η′,η = (m2

K + m̃2
η0
/2)

±1

2

√
(2m2

K − 2m2
π − 1

3
m̃2

η0
)2 +

8

9
m̃4

η0
.

(7.20)

The physical mass of the η and the octet massmη8 =
√

4
3m

2
K − 1

3m
2
π are numerically

close, within a few percent. However, to build a theory of the η on the octet

approximation risks losing essential physics associated with the singlet component.

Turning off the gluonic term, one finds the expressions mη′ ∼
√

2m2
K −m2

π and

mη ∼ mπ. That is, without extra input from glue, in the OZI limit, the η would

be approximately an isosinglet light-quark state ( 1√
2
|ūu+ d̄d〉) degenerate with the

pion and the η′ would be a strange-quark state |s̄s〉 – mirroring the isoscalar vector

ω and φ mesons.

Taking the value m̃2
η0

= 0.73 GeV2 in the leading-order mass formula,

Eq. (7.20), gives agreement with the physical masses at the 10% level. This value is

obtained by summing over the two eigenvalues in Eq. (7.20): m2
η+m2

η′ = 2m2
K +m̃2

η0

and substituting the physical values of mη, mη′ and mK . The corresponding η− η′

mixing angle θ ' −18◦ is within the range −17◦ to −20◦ obtained from a study of
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various decay processes in Gilman and Kauffman (1987) and Ball et al. (1996).1

The key point of Eqs. (7.16)-(7.20) is that mixing and gluon dynamics play a crucial

role in both the η and η′ masses and that treating the η as an octet pure would-be

Goldstone boson risks losing essential physics.

The flavour-singlet generalization of the Goldberger-Treiman was derived in-

dependently by Shore and Veneziano (1990, 1992) and Hatsuda (1990). In the

chiral limit the flavour-singlet Goldberger-Treiman relation reads

2Mg
(0)
A =

√
χ′(0) gφ0NN . (7.21)

Here χ′(0) is the first derivative of the topological susceptibility and gφ0NN denotes

the one particle irreducible coupling to the nucleon of the flavour-singlet Goldstone

boson which would exist in a gedanken world where OZI is exact in the singlet

axial U(1) channel. The φ0 is a theoretical object and not a physical state in the

spectrum. The important features of Eq. (7.21) are first that g
(0)
A factorizes into

the product of the target dependent coupling gφ0NN and the target independent

gluonic term
√
χ′(0). The coupling gφ0NN is renormalization scale invariant and

the scale dependence of g
(0)
A associated with the renormalization group factor E(αs)

is carried by the gluonic term
√
χ′(0). Motivated by this observation, Narison et al.

(1995) conjectured that any OZI violation in g
(0)
A |inv might be carried by the target

independent factor
√
χ′(0) and suggested experiments to test this hypothesis by

studying semi-inclusive polarized deep inelastic scattering in the target fragmenta-

tion region (which allows one to vary the de facto hadron target – e.g. a proton or ∆

resonance) [Shore and Veneziano (1998)]. The flavour-singlet Goldberger-Treiman

relation can also be expressed in terms of the physical η′–nucleon coupling constant

gη′NN . Working in the chiral limit it becomes

Mg
(0)
A =

√
3

2
F0

(
gη′NN − gQNN

)
(7.22)

where is an OZI violating coupling which measures the one particle irreducible

coupling of the topological charge density Q = αs

4πGG̃ to the nucleon. Here F0 (∼
0.1 GeV) renormalizes the flavour-singlet decay constant. The η′-nucleon coupling

constant gη′NN and F0 are renormalization scale independent so that the scale

dependence of g
(0)
A is carried just by gQNN in this equation. The coupling constant

gQNN is, in part, related [Veneziano (1989); Shore and Veneziano (1992)] to the

polarized gluon term −3αs

2π ∆g in the parton model decomposition of g
(0)
A . The OZI

prediction g
(0)
A ' 0.6 would follow if polarized strange quarks and gluons were not

important in the nucleon’s internal spin structure. If we attribute the difference

between g
(0)
A |pDIS and the OZI value 0.6 to the gluonic correction −

√
3
2F0gQNN in

Eq. (7.22), then we find gQNN ∼ 2.45 and gη′NN ∼ 4.9 with F0 ∼ 0.1 GeV. Note
1Closer agreement with the physical masses can be obtained by introducing the singlet decay

constant F0 6= Fπ and including higher-order mass terms in the chiral expansion [Leutwyler
(1998); Feldman (2000)].
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that the two versions of the singlet Goldberger-Treiman relation in Eqs. (7.21)

and (7.22) are quoted modulo any possible subtraction constant corrections in the

corresponding dispersion relation. Experimentally, the value of gη′NN is not well

determined with values quoted in the range 3.4 < gη′NN < 7.3 [Cheng (1996)].

Independent of the detailed QCD dynamics one can construct low-energy

effective chiral Lagrangians which include the effect of the anomaly and axial U(1)

symmetry, and use these Lagrangians to study low-energy processes involving the

η and η′.
OZI violation associated with the gluonic topological charge density may also

be important to a host of η and η′ interactions in hadronic physics. We refer to

Bass (2002b) for an overview of the phenomenology. Experiments underway at

COSY-Jülich are measuring the isospin dependence of η and η′ production close to

threshold in proton-nucleon collisions [Moskal (2004)]. These experiments are look-

ing for signatures of possible OZI violation in the η′ nucleon interaction. Anoma-

lous glue may play a key role in the structure of the light mass (about 1400-1600

MeV) exotic mesons with quantum numbers JPC = 1−+ that have been observed

in experiments at BNL and CERN. These states might be dynamically generated

resonances in ηπ and η′π rescattering [Bass and Marco (2002); Szczepaniak et al.

(2003)] mediated by the OZI violating coupling of the η′. Planned experiments at

the GSI in Darmstadt will measure the η mass in nuclei [Hayano et al. (1999)] and

thus probe aspects of axial U(1) dynamics in the nuclear medium.

7.3 The low-energy effective Lagrangian

The physics of axial U(1) degrees of freedom is described by the U(1)-extended

low-energy effective Lagrangian [Di Vecchia and Veneziano (1980); Witten (1980);

Rozenzweig et al. (1980); Nath and Arnowitt (1981)]. In its simplest form this

reads

Lm =
F 2

π

4
Tr(∂µU∂µU

†) +
F 2

π

4
TrM

(
U + U †

)
(7.23)

+
1

2
iQTr

[
logU − logU †

]
+

3

m̃2
η0
F 2

0

Q2.

Here U is the unitary meson matrix

U = exp

(
i
φ

Fπ
+ i

√
2

3

η0
F0

)
(7.24)

where

φ =
∑

πaλa =
√

2




1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8




(7.25)
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denotes the octet of would-be Goldstone bosons associated with spontaneous chiral

SU(3)L⊗SU(3)R breaking and η0 is the singlet boson. M = diag[m2
π,m

2
π, (2m

2
K −

m2
π)] is the meson mass matrix. The pion decay constant Fπ = 92.4MeV. F0

renormalizes the flavour-singlet decay constant – see Eq. (7.29) below – with F0 ∼
Fπ ∼ 100 MeV [Gilman and Kauffman (1987)].

The flavour-singlet potential involving Q is introduced to generate the gluonic

contribution to the η and η′ masses and to reproduce the anomaly in the divergence

of the gauge-invariantly renormalized flavour-singlet axial-vector current. The glu-

onic term Q = αs

4πGµνG̃
µν is treated as a background field with no kinetic term. It

may be eliminated through its equation of motion to generate a gluonic mass term

for the singlet boson, viz.

1

2
iQTr

[
logU − logU †

]
+

3

m̃2
η0
F 2

0

Q2 7→ −1

2
m̃2

η0
η2
0 . (7.26)

The most general low-energy effective Lagrangian involves a UA(1) invariant poly-

nomial in Q2. Higher-order terms in Q2 become important when we consider scat-

tering processes involving more than one η′ [Di Vecchia et al. (1981)]. In general,

couplings involving Q give OZI violation in physical observables.

When we expand out the Lagrangian (7.23) the first term contains the kinetic

energy term for the pseudoscalar mesons; the second term contains the meson mass

terms before coupling to gluonic degrees of freedom. After Q is eliminated from

the effective Lagrangian via (7.26), we expand Lm to O(p2) in momentum keeping

finite quark masses and obtain

Lm =
∑

k

1

2
∂µπk∂µπk +

1

2
∂µη0∂

µη0

(
Fπ

F0

)2

− 1

2
m̃2

η0
η2
0

− 1

2
m2

π

(
2π+π− + π2

0

)
−m2

K

(
K+K− +K0K̄0

)
− 1

2

(
4

3
m2

K − 1

3
m2

π

)
η2
8

− 1

2

(
2

3
m2

K +
1

3
m2

π

) (
Fπ

F0

)2

η2
0 +

4

3
√

2

(
m2

K −m2
π

) (
Fπ

F0

)
η8η0 + ...

(7.27)

where πa with a = 1, ..., 8 refers to the octet Goldstone boson fields. The masses of

the physical η and η′ mesons are found by diagonalising the (η8, η0) mass matrix

which follows from Eq. (7.27). If we work in the approximation mu = md and set

F0 = Fπ , then we obtain the η − η′ mass matrix in Eq. (7.16).

The UA(1) transformation for the effective Lagrangian (7.23) is defined by

U → exp (2iβ) U ; Q is treated as UA(1) invariant. The flavour-singlet axial-vector

current

Jµ5 =
√

6Fsinglet∂µη0 (7.28)

with

Fsinglet = F 2
π/F0 (7.29)
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satisfies the anomalous divergence equation ∂µJµ5 = NfQ + mass terms. The

flavour-singlet decay constant is renormalized relative to Fπ by gluonic intermediate

states (qq̄ → gg → qq̄).

The value of F0 is usually determined from the decay rate for η′ → 2γ. In

QCD one finds the relation [Shore and Veneziano (1992); Shore and White (2000)]

2α

π
=

√
3

2
F0

(
gη′γγ − gQγγ

)
(7.30)

(in the chiral limit) which is derived by coupling the effective Lagrangian (7.23)

to photons. The observed decay rate [Particle Data Group (2004)] is consistent

[Gilman and Kauffman (1987)] with the OZI prediction for gη′γγ if F0 and gQγγ

take their OZI values: F0 ' Fπ and gQγγ = 0. Motivated by this observation it is

common to take F0 ' Fπ.

It is worthwhile to comment on the behaviour of Lm when we take Nc, the

number of colours, to infinity. In QCD the axial anomaly decouples as 1/Nc when

we take Nc → ∞. This is reflected in the equation for the η0 mass squared if we

take a ∝ 1/Nc [Witten (1979); Veneziano (1979)]. Phenomenologically, the large

mass of the η′ (mη′ ∼ 1GeV) means that OZI and large Nc are not always good

approximations in the UA(1) channel.

7.4 OZI violation and the η′–nucleon interaction

The low-energy effective Lagrangian (7.23) is readily extended to include η–nucleon

and η′–nucleon coupling. Working to O(p) in the meson momentum the chiral

Lagrangian for meson-baryon coupling is

LmB = Tr B(iγµD
µ −M0)B

+ F Tr

(
Bγµγ5[a

µ, B]−

)
+D Tr

(
Bγµγ5{aµ, B}+

)

+
i

3
K Tr

(
Bγµγ5B

)
Tr

(
U †∂µU

)

− GQNN

2M0
∂µQTr

(
Bγµγ5B

)
+

C
F 4

0

Q2Tr

(
BB

)

(7.31)

Here

B =




1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ




(7.32)
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denotes the baryon octet and M0 denotes the baryon mass in the chiral limit. In

Eq. (7.31)

Dµ = ∂µ − ivµ (7.33)

is the chiral covariant derivative

vµ = − i

2

(
ξ†∂µξ + ξ∂µξ

†
)

(7.34)

with ξ = U
1
2 and

aµ = − i

2

(
ξ†∂µξ − ξ∂µξ

†
)

= − 1

2Fπ
∂µφ− 1

2F0

√
2

3
∂µη0 + ... (7.35)

is the axial-vector current operator.

The SU(3) couplings are F = 0.459± 0.008 and D = 0.798± 0.008 [Close and

Roberts (1993)]. The Pauli-principle forbids any flavour-singlet JP = 1
2

+
ground-

state baryon degenerate with the baryon octet B. In general, one may expect OZI

violation wherever a coupling involving the Q-field occurs. In Eq. (7.31) we have

defined GQNN and C so that they both have mass dimension −3.

Following Eq. (7.26), we eliminate Q from the total Lagrangian L = Lm+LmB

through its equation of motion. The Q dependent terms in the effective Lagrangian

become:

LQ =
1

12
m̃2

η0

[
−6η2

0 −
√

6

M0
GQNN F0 ∂

µη0 Tr

(
B̄γµγ5B

)

+ G2
QNN F 2

0

(
TrB̄γ5B

)2

+ 2 C m̃2
η0

F 2
0

η2
0 Tr

(
B̄B

)

−
√

6

3M0F0
GQNN Cm̃2

η0
η0 ∂

µTr

(
B̄γµγ5B

)
Tr

(
B̄B

)
+ ...

]

(7.36)

This equation describes the gluonic contributions to the η-nucleon and η′-nucleon

interactions. The first term describes the gluonic correction to the mass of the

singlet boson. The second term is a gluonic (OZI violating) contribution to the

η′–nucleon coupling constant, which is read off from the coefficient of ∂µη0TrB̄B in

the effective Lagrangian after we have eliminated Q. One finds

gη0NN =

√
2

3

m

F0

(
2D + 2K + GQNNF

2
0

m̃2
η0

2m

)
. (7.37)

The remaining terms in Eq. (7.36) describe contact terms in the η′–nucleon inter-

action. It is interesting to look for other observables which are sensitive to GQNN .

OZI violation in the η′–nucleon system is a probe of the role of gluons in dynamical

chiral symmetry breaking in low-energy QCD.
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Fig. 7.1 The COSY and SATURNE data on pp→ ppη′. Figure from Moskal et al. (2000a).

7.5 Proton-proton collisions

The T-matrix for η′ production in proton-proton collisions, p1(~p) + p2(−~p) → p+

p+ η′, at threshold in the centre of mass frame is

Tcm
th (pp→ ppη′) = A

[
i(~σ1 − ~σ2) + ~σ1x~σ2

]
.~p (7.38)

where A is the (complex) threshold amplitude for η′ production. Measurements of

the total cross-section for pp → ppη′ have been published by COSY-11 [Moskal et

al. (1998, 2000a)] and SATURNE [Hibou et al. (1998)] between 1.5 and 24 MeV

above threshold – see Fig. 7.1.

The energy dependence of the data are well described by phase space plus

proton-proton final state interaction (neglecting any η′-p FSI). Using the model

of Bernard et al. (1999) treating the pp final state interaction in effective range

approximation one finds a good fit to the measured total cross-section data with

|A| = 0.21 fm4. (7.39)

From Eq. (7.36) one finds a gluon-induced contact interaction in the pp→ ppη′

reaction close to threshold [Bass (1999c, 2000)]:

Lcontact = − i

F 2
0

gQNN m̃2
η0

C η0
(
p̄γ5p

) (
p̄p

)
(7.40)
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where gQNN =
√

1
6GQNNF0m̃

2
η0

The physical interpretation of the contact term

(7.40) is a “short distance” (∼ 0.2 fm) interaction where glue is excited in the

interaction region of the proton-proton collision and then evolves to become an η′

in the final state. This gluonic contribution to the cross-section for pp → ppη′

is extra to the contributions associated with meson exchange models [Hibou et al.

(1998); Fäldt and Wilkin (1997a); Fäldt et al. (2002)]. There is no reason, a priori,

to expect it to be small.

What is the phenomenology of this gluonic interaction?

Since glue is flavour-blind the contact interaction (7.40) has the same size in

both the pp→ ppη′ and pn→ pnη′ reactions. CELSIUS [Calen et al. (1988)] have

measured the ratio Rη = σ(pn → pnη)/σ(pp → ppη) for quasifree η production

from a deuteron target up to 100 MeV above threshold. The data is shown in

Fig. 7.2. One sees that Rη is approximately energy-independent with a value ∼ 6.5

over the measured energy range. The observed ratio, different from one, signifies a

strong isovector exchange contribution to the η production mechanism [Calen et al.

(1988)]. This experiment is being repeated for η′ production by COSY-11. The more

important that the gluon-induced process is in the pp→ ppη′ reaction the more one

would expect Rη′ = σ(pn → pnη′)/σ(pp → ppη′) to approach unity near threshold

after we correct for the final state interaction between the two outgoing nucleons.

(After we turn on the quark masses, the small η− η′ mixing angle θ ' −18 degrees

means that the gluonic effect (7.40) should be considerably bigger in η′ production

than η production.) η′ phenomenology is characterised by large OZI violations. It

is natural to expect large gluonic effects in the pp→ ppη′ process. The data will be

very interesting.

7.6 Light mass “exotic” resonances

Recent experiments at BNL [Thompson et al. (1997); Adams et al. (1998); Chung

et al. (1999); Ivanov et al. (2001)] and CERN [Abele et al. (1998)] have revealed

evidence for QCD “exotic” meson states with quantum numbers JPC = 1−+. These

mesons are particularly interesting because the quantum numbers JPC = 1−+ are

inconsistent with a simple quark-antiquark bound state suggesting a possible “va-

lence” gluonic component – for example through coupling to the operator [q̄γµqG
µν ].

Two such exotics, denoted π1, have been observed through π−p → π1p at BNL:

with masses 1400 MeV (in decays to ηπ) and 1600 MeV (in decays to η′π and

ρπ). The π1(1400) state has also been observed in p̄N processes by the Crystal

Barrel Collaboration at CERN [Abele et al. (1998)]. These states are considerably

lighter than the predictions (about 1900 MeV) of quenched lattice QCD [Lacock

et al. (1996, 1997); Bernard et al. (1997a,b)] and QCD inspired models [Isgur et

al. (1985); Close and Page (1995); Barnes et al. (1995)] for the lowest mass qq̄g

state with quantum numbers JPC = 1−+. While chiral corrections may bring the
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lattice predictions down by about 100 MeV [Thomas and Szczepaniak (2002)] these

results suggest that, perhaps, the “exotic” states observed by the experimentalists

might involve significant meson-meson bound state contributions.

The decays of the light mass exotics to η or η′ mesons plus a pion may hint

at a possible connection to axial U(1) dynamics. This idea has recently been in-

vestigated [Bass and Marco (2002)] in a model of final state interaction in ηπ and

η′π scattering using coupled channels and the Bethe-Salpeter equation following the

approach in Oller and Oset (1997) and Oller et al. (1999). In this calculation the

meson-meson scattering potentials were derived from the mesonic chiral Lagrangian

working to O(p2) in the meson momenta. Fourth order terms in the meson fields

are induced by the first two terms in Eq. (7.23) and also by the OZI violating

interaction λ Q2 Tr ∂µU∂
µU † [Di Vecchia et al. (1981)]. A simple estimate for

0.01
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Fig. 7.2 CELSIUS data on the pp→ ppη and pn→ pnη reactions close to threshold [Calen et al.
(1988)].
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λ can be obtained from the decay η′ → ηππ yielding two possible solutions with

different signs. These two different solutions yield two different dynamically gener-

ated resonance structures when substituted into the Bethe-Salpeter equation. The

positive-sign solution for λ was found to dynamically generate a scalar resonance

with mass ∼ 1300 MeV and width ∼ 200 MeV (and no p-wave resonance). This

scalar resonance is a possible candidate for the a0(1450). The negative-sign solu-

tion for λ produced a p-wave resonance with exotic quantum numbers JPC = 1−+,

mass ∼ 1400 MeV and width ∼ 300 MeV – close to the observed exotics – and no

s-wave resonance. (The width of the π1(1400) state measured in decays to ηπ is

385±40 MeV; the width of the π1(1600) measured in decays to η′π is 340±64 MeV.)

These calculations clearly illustrate the possibility to describe light-mass exotics as

hadronic resonances in the η′π and ηπ systems. The topological charge density

mediates the coupling of the light-mass exotic state to the ηπ and η′π channels in

the model [Bass and Marco (2002)].

7.7 η bound states in nuclei

Measurements of the pion, kaon and eta meson masses and their interactions in

finite nuclei provide new constraints on our understanding of dynamical symmetry

breaking in low energy QCD [Kienle and Yamazaki (2004)]. New experiments at the

GSI are employing the recoilless (d, 3He) reaction to study the possible formation

of η meson bound states inside the nucleus [Hayano et al. (1999)], following on

from the successful studies of pionic atoms in these reactions [Suzuki et al. (2004)].

The idea is to measure the excitation-energy spectrum and then, if a clear bound

state is observed, to extract the in-medium effective mass, m∗
η , of the η in nuclei

through performing a fit to this spectrum with the η-nucleus optical potential.

Meson masses in nuclei are determined from the scalar induced contribution

to the meson propagator evaluated at zero three-momentum, ~k = 0, in the nuclear

medium. Let k = (E,~k) and m denote the four-momentum and mass of the meson

in free space. Then, one solves the equation

k2 −m2 = Re Π(E,~k, ρ) (7.41)

for ~k = 0 where Π is the in-medium s-wave meson self-energy. Contributions to the

in medium mass come from coupling to the scalar σ field in the nucleus in mean-

field approximation, nucleon-hole and resonance-hole excitations in the medium.

The s-wave self-energy can be written as [Ericson and Weise (1988)]

Π(E,~k, ρ)

∣∣∣∣
{~k=0}

= −4πρ

(
b

1 + b〈 1
r 〉

)
. (7.42)

Here ρ is the nuclear density, b = a(1+ m
M ) where a is the meson-nucleon scattering

length, M is the nucleon mass and 〈 1
r 〉 is the inverse correlation length, 〈 1

r 〉 ' mπ

for nuclear matter density (mπ is the pion mass). Attraction corresponds to positive
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values of a. The denominator in Eq. (7.42) is the Ericson-Ericson-Lorentz-Lorenz

double scattering correction.

It is reasonable to expect that m∗
η is sensitive to the flavour-singlet compo-

nent in the η, and hence to non-perturbative glue [Bass (2002b); Shore (1998a)]

associated with axial U(1) dynamics. An important source of the in-medium mass

modification comes from light-quarks coupling to the scalar σ mean-field in the nu-

cleus. Increasing the flavour-singlet component in the η at the expense of the octet

component gives more attraction, more binding and a larger value of the η-nucleon

scattering length, aηN . This result may explain why values of aηN extracted from

phenomenological fits to experimental data where the η− η′ mixing angle is uncon-

strained give larger values than those predicted in theoretical models where the η

is treated as a pure octet state.

What can QCD tell us about the behaviour of the gluonic mass contribution

in the nuclear medium? To investigate what happens to m̃2
η0

in the medium we first

couple the σ (correlated two-pion) mean-field in nuclei to the topological charge

density Q. The interactions of the η and η′ with other mesons and with nucleons

can be studied by coupling the Lagrangian Eq. (7.23) to other particles. For exam-

ple, as noted in Section 7.6, the OZI violating interaction λQ2∂µπa∂
µπa is needed

to generate the leading (tree-level) contribution to the decay η′ → ηππ [Di Vecchia

et al. (1981)]. When iterated in the Bethe-Salpeter equation for meson-meson

rescattering this interaction yields a dynamically generated exotic state with quan-

tum numbers JPC = 1−+ and mass about 1400 MeV [Bass and Marco (2002)].

This suggests a dynamical interpretation of the lightest-mass 1−+ exotic observed

at BNL and CERN.

Motivated by this two-pion coupling to Q2, we couple the topological charge

density to the σ (two-pion) mean-field in the nucleus by adding the Lagrangian

term

LσQ = Q2 gQ
σ σ (7.43)

where gQ
σ denotes coupling to the σ mean field – that is, we consider an in-medium

renormalization of the coefficient of Q2 in the effective chiral Lagrangian. Following

the treatment in Eq. (7.26) we eliminate Q through its equation of motion. The

gluonic mass term for the singlet boson then becomes

m̃2
η0

7→ m̃∗2
η0

= m̃2
η0

1 + 2x

(1 + x)2
< m̃2

η0
(7.44)

where

x =
1

3
gQ

σ σ m̃
2
η0
F 2

0 . (7.45)

That is, the gluonic mass term decreases in-medium independent of the sign of

gQ
σ and the medium acts to partially neutralise axial U(1) symmetry breaking by

gluonic effects.

This scenario has possible support from recent lattice calculations [Bissey

et al. (2005)] which suggest that non-trivial gluon topology configurations are sup-
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pressed inside hadrons. Further recent work at high chemical potential (µ >

500 MeV) suggests that possible confinement and instanton contributions to m̃2
η0

are suppressed with increasing density in this domain [Schafer (2003)].

The above discussion is intended to motivate the existence of medium modifi-

cations to m̃2
η0

in QCD. However, a rigorous calculation of m∗
η from QCD is beyond

present theoretical technology. Hence, one has to look to QCD motivated models

and phenomenology for guidance about the numerical size of the effect. The physics

described in Eqs. (7.16)-(7.20) tells us that the simple octet approximation may not

suffice.

We now discuss the size of flavour-singlet effects in m∗
η, m∗

η′ (the η′ mass in-

medium) and the scattering lengths aηN and aη′N . First we consider the values of

aηN and aη′N extracted from phenomenological fits to experimental data. There

are several model predictions for the η mass in nuclear matter, starting from dif-

ferent assumptions. We collect and compare these approaches and predictions with

particular emphasis on the contribution of η − η′ mixing.

Phenomenological determinations of aηN and aη′N : Green and Wycech (1999)

and (2005) have performed phenomenological K-matrix fits to a variety of near-

threshold processes (πN → πN , πN → ηN , γN → πN and γN → ηN) to extract

a value for the η-nucleon scattering. In these fits the S11(1535) is introduced as

an explicit degree of freedom – that is, it is treated like a 3-quark state – and the

η − η′ mixing angle is taken as a free parameter. The real part of aηN extracted

from these fits is 0.91(6) fm for the on-shell scattering amplitude.

From measurements of η production in proton-proton collisions close to thresh-

old, COSY-11 have extracted a scattering length aηN ' 0.7 + i0.4fm from the final

state interaction (FSI) based on the effective range approximation [Moskal et al.

(2004)]. For the η′, COSY-11 have deduced a conservative upper bound on the η′-
nucleon scattering length |Reaη′N | < 0.8fm [Moskal et al. (2000a)] with a prefered

a value between 0 and 0.1 fm [Moskal et al. (2000b)] obtained by comparing the

FSI in π0 and η′ production in proton-proton collisions close to threshold.

Chiral Models: Chiral models involve performing a coupled channels analysis

of η production after multiple rescattering in the nucleus which is calculated using

the Lippmann-Schwinger [Waas and Weise (1997)] or Bethe-Salpeter [Inoue and

Oset (2002); Garcia-Oset et al. (2002)] equations with potentials taken from the

SU(3) chiral Lagrangian for low-energy QCD. In these chiral model calculations the

η is taken as pure octet state (η = η8) with no mixing and the singlet sector turned

off. These calculations yield a small mass shift in nuclear matter

m∗
η/mη ' 1 − 0.05ρ/ρ0 (7.46)

The values of the η-nucleon scattering length extracted from these chiral model

calculations are 0.2 + i 0.26 fm [Waas and Weise (1997)] and 0.26 + i 0.24 fm

[Inoue and Oset (2002); Garcia-Oset et al. (2002)] with slightly different treatment

of the intermediate state mesons.
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Table 7.1 Physical masses fitted in free space,
the bag masses in medium at normal nu-
clear-matter density, ρ0 = 0.15 fm−3, and corre-
sponding meson-nucleon scattering lengths [Bass
and Thomas (2006)].

m (MeV) m∗ (MeV) Rea (fm)

η8 547.75 500.0 0.43
η (-10o) 547.75 474.7 0.64
η (-20o) 547.75 449.3 0.85
η0 958 878.6 0.99

η′ (-10o) 958 899.2 0.74
η′ (-20o) 958 921.3 0.47

The Quark Meson Coupling Model (QMC) [Tsushima et al. (1998); Tsushima

(2000); Bass and Thomas (2006)]. Here one uses the large η mass (which in QCD

is induced by mixing and the gluonic mass term) to motivate taking an MIT Bag

description for the η wavefunction, and then coupling the light (up and down) quark

and antiquark fields in the η and η′ to the scalar σ field in the nucleus working in

mean-field approximation. The strange-quark component of the wavefunction does

not couple to the σ field and η − η′ mixing is readily built into the model. The

results for the masses for the η and η′ mesons in nuclear matter are summarized in

Table 7.1.

The values of Reaη are obtained from substituting the in-medium and free

masses into Eq. (7.42) with the Ericson-Ericson denominator turned-off, and using

the free mass m = mη in the expression for b. The effect of exchanging m for m∗

in b is a 5% increase in the quoted scattering length. The QMC model makes no

claim about the imaginary part of the scattering length. The key observation is

that η − η′ mixing leads to a factor of two increase in the mass-shift and in the

scattering length obtained in the model.2

The density dependence of the mass-shifts in the QMC model is discussed in

Tsushima et al. (1998). Neglecting the Ericson-Ericson term, the mass-shift is

approximately linear. For densities ρ between 0.5 and 1 times ρ0 (nuclear matter

density) we find

m∗
η/mη ' 1 − 0.17ρ/ρ0 (7.47)

for the physical mixing angle −20◦. The scattering lengths extracted from this

analysis are density independent to within a few percent over the same range of

densities.

η-η′ mixing increases the flavour-singlet and light-quark components in the η.

The greater the flavour-singlet component in the η, the greater the η binding energy
2Because the QMC model has been explored mainly at the mean-field level, it is not clear that

one should include the Ericson-Ericson term in extracting the corresponding η nucleon scattering
length. Substituting the scattering lengths given in Table 7.1 into Eq. (7.42) (and neglecting the
imaginary part) yields resummed values aeff = a/(1 + b〈1/r〉) equal to 0.44 fm for the η with the
physical mixing angle θ = −20 degrees, with corresponding reduction in the binding energy.
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in nuclei through increased attraction and the smaller the value of m∗
η. Through

Eq. (7.42), this corresponds to an increased η-nucleon scattering length aηN , greater

than the value one would expect if the η were a pure octet state. Measurements of

η bound-states in nuclei are therefore a probe of singlet axial U(1) dynamics in the

η.
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Chapter 8

QCD INSPIRED MODELS OF THE
PROTON SPIN PROBLEM

In semi-classical quark models ∆q is interpreted as the amount of spin carried

by quarks and antiquarks of flavour q, there is no E(αs) factor and Σ = g
(0)
A .

Relativistic quark-pion coupling models which contain no explicit strange quark or

gluon degrees of freedom predict g
(0)
A = g

(8)
A . Whilst these models do not explain

the small value of g
(0)
A |pDIS they do give a good account of the flavour non-singlet

axial charges g
(3)
A and g

(8)
A .

Here, we first explain this result and then outline the different possible expla-

nations that people have considered to explain the supression of g
(0)
A |pDIS and the

finite, negative value of ∆s extracted from polarized deep inelastic scattering.

8.1 Constituent quarks and g
(k)
A

First, consider the static quark model. The simple SU(6) proton wavefunction

|p ↑〉 =
1√
2
|u ↑ (ud)S=0〉 +

1√
18

|u ↑ (ud)S=1〉 −
1

3
|u ↓ (ud)S=1〉 (8.1)

−1

3
|d ↑ (uu)S=1〉 +

√
2

3
|d ↓ (uu)S=1〉

yields g
(3)
A = 5

3 and g
(8)
A = g

(0)
A = 1.

In relativistic quark models one has to take into account the four-component

Dirac spinor ψ = ( f
iσ.r̂g ). The lower component of the Dirac spinor is p-wave with

intrinsic spin primarily pointing in the opposite direction to spin of the nucleon.

Relativistic effects renormalize the NRQM axial charges by a factor (f 2 − 1
3g

2)

with a net transfer of angular momentum from intrinsic spin to orbital angular

momentum. In the MIT Bag (f2 − 1
3g

2) = 0.65 reducing g
(3)
A from 5

3 to 1.09.

Centre of mass motion then increases the axial charges by about 20% bringing g
(3)
A

close to its physical value 1.27.

To see how this comes about consider the simplest version of Bag model of

confinement. Here we consider a massless Dirac fermion moving freely inside a

spherical volume of radius R, outside of which there is a scalar potential of strength

107
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m. When we take the limit m→ ∞ the quarks are confined to the spherical volume.

This is summarized through the Dirac equation with a central, scalar field W (r)

Hψ(r) = i
∂ψ

∂t
=

{
~α.~p + β[m+W (r)]

}
ψ(r) = Eψ(r) (8.2)

with

W (r) = −m, r ≤ R

= 0, r > R (8.3)

and

ψ(r) = ψ(~r, t) = ψ(~r)e−iEt (8.4)

The Dirac matrices are take as

β = γ0 =

(
1 0

0 −1

)
, ~γ = γ0~α =

(
0 ~σ

−~σ 0

)
(8.5)

One requires continuity of the wavefunction at the boundary r = R and takes the

limit m → ∞. Solving the Dirac equation then yields the solution for the ground

state s 1
2

level:

ψµ
ns1/2

≡ ψµ
nκ=−1 =

Nn,−1

(4π)
1
2

(
j0(

ωr
R )

i~σ.r̂ j1(
ωr
R )

)
χµ

1/2 (8.6)

subject to the boundary condition

j0(ER) = j1(ER) (8.7)

for confined massless quarks. The normalization constant is

N2
n,−1 =

ω3
n,−1

2R3(ωn,−1 − 1) sin2(ωn,−1)
(8.8)

and χµ
1/2 a Pauli spinor. If we parametrize the energy levels as

Enκ =
ωnκ

R
(8.9)

where n is the principal quantum number, we find ω1−1 = 2.04, ω2−1 = 5.40, ...

The nucleon matrix element of the axial-vector current is then evaluated:
∫
d3x

∑

i

〈ps|qi~γγ5qi|ps〉 =

∫

bag

d3xψ†
i (x)γ0~γγ5ψ(x)

= N2

∫ R

0

dxx2

{
j20(

ωx

R
) − 1

3
j21(

ωx

R
)

}

= 1 − 1

3
(
2ω − 3

ω − 1
) = 0.65 (8.10)

when we substitute the Bag wavefunction (8.6). This factor 0.65 is the crucial

difference from non-relativistic constituent quark models.
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The pion cloud of the nucleon also renormalizes the nucleon’s axial charges

by shifting intrinsic spin into orbital angular momentum. Consider the Cloudy Bag

Model (CBM). Here, the Fock expansion of the nucleon in terms of a bare MIT

nucleon |N〉 and baryon-pion |Nπ〉 |∆π〉 Fock states converges rapidly. We may

safely truncate the Fock expansion at the one pion level. The CBM axial charges

are [Schreiber and Thomas (1988)]:

g
(3)
A =

5

3
N
(

1 − 8

9
PNπ − 4

9
P∆π +

8

15
PN∆π

)

g
(0)
A = N

(
1 − 4

3
PNπ +

2

3
P∆π

)
. (8.11)

Here, N takes into account the relativistic factor N 2
∫ R

0
drr2(f2 − 1

3g
2) and centre

of mass motion in the Bag. The coefficients PNπ = 0.2 and P∆π = 0.1 denote

the probabilities to find the physical nucleon in the |Nπ〉 and |∆π〉 Fock states

respectively and PN∆π = 0.3 is the interference term. The bracketed pion cloud

renormalization factors in Eq. (8.11) are 0.94 for g
(3)
A and 0.8 for g

(0)
A . Through the

Goldberger-Treiman relation, the small pion cloud renormalization of g
(3)
A translates

into a small pion cloud renormalization of gπNN , which is necessary to treat the

pion cloud in low order perturbation theory [Thomas (1984)]. With a 20% centre

of mass correction, the CBM predicts g
(3)
A ' 1.25 and g

(0)
A = g

(8)
A ' 0.6. Similar

numbers [Steininger and Weise (1993)] are obtained in the Nambu-Jona-Lasinio

model.

Including kaon loops into the model generates a small ∆s ' −0.003 [Koepf

et al. (1992)] in the Cloudy Bag Model and −0.006 [Steininger and Weise (1993)]

in the Nambu-Jona-Lasinio model. These values are an order of magnitude smaller

than the value of ∆s extracted from inclusive polarized deep inelastic scattering

experiments, viz. ∆s ∼ −0.08.

In QCD the axial anomaly induces various gluonic contributions to g
(0)
A . Since

gluons are flavour singlet, it follows that, modulo flavour SU(3) breaking, explicit

gluonic contributions to ∆q will cancel in the isotriplet and SU(3) octet axial charges

g
(3)
A and g

(8)
A .

8.2 Possible explanations of the proton spin problem

We now collect and compare the various proposed explanations of the proton spin

problem (the small value of g
(0)
A extracted from polarized deep inelastic scattering)

in roughly the order that they enter the derivation of the g1 spin sum-rule:

(1) A “subtraction at infinity” in the dispersion relation for g1 perhaps generated in

the transition from current to constituent quarks and involving gluon topology

and the mechanism of dynamical axial U(1) symmetry breaking. For example,

when one puts a valence quark as a spin source in the QCD θ vacuum with

non-trivial chiral structure instanton tunneling processes have the potential to
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delocalise the spin so that the “quark spin content” of the proton becomes

a property of the proton rather than the sum over the individual localised

parton spin contributions measured in polarized deep inelastic scattering. In

the language of Regge phenomenology the subtraction at infinity is associated

with a fixed pole in the real part of the spin dependent part of the forward

Compton amplitude.

In this scenario the strange quark polarization ∆s extracted from inclusive

polarized deep inelastic scattering and neutrino proton elastic scattering would

be different. A precision measurement of νp elastic scattering would be very

useful.

Note that fixed poles play an essential role in the Adler and Schwinger

term sum-rules - one should be on the look out!

It is interesting to look for analogues in condensed matter physics. Con-

sider Helium-3 and Helium-4 atoms. These have the same chemical structure

and their properties at low temperatures are determined just by their spins –

that is, the spin of the extra neutron in the nucleus of the Helium-4 atom. The

proton spin problem addresses the question: Where does this spin come from

at the quark level ? In low temperature physics Helium-4 becomes a superfluid

at 2K whereas Helium-3 remains as a normal liquid at these temperatures and

becomes superfluid only at 2.6 mK with a much richer phase diagram. In the

A-phase which forms at 21 bars pressure the spins of the Cooper pairs align

and a polarized condensate is formed [Anderson and Brinkman (1975)]. Our

notion of a constituent quark in low energy QCD is an emergent quasi-particle

excitation self-consistently interacting with the condensates generated through

dynamical chiral and axial U(1) symmetry breaking. The singlet component of

the total condensate in the proton can be spin polarized relative to the vacuum

outside the proton. In this case the total singlet axial-charge, as calculated in

constituent quark models, would be the sum of the partonic (finite momentum)

and condensate (zero momentum) contributions. The proton spin problem may

be teaching us about dynamical symmetry breaking in the transition from cur-

rent to constituent quarks.

(2) SU(3) flavour breaking in the analysis of hyperon beta decays. Phenomenologi-

cally, SU(3) flavour symmetry seems to be well respected in the measured beta

decays, including the recent KTeV and NA-48 measurements of the Ξ0 decay

[Alavi-Harati et al. (2001); Batley et al. (2007)]. Leader and Stamenov

(2003) have recently argued that even the most extreme SU(3) breaking sce-

narios consistent with hyperon decays will still lead to a negative value of the

strange quark axial charge ∆s extracted from polarized deep inelastic data.

Possible SU(3) breaking in the large Nc limit of QCD has been investigated by

Flores-Mendiek et al. (2001).

One source of SU(3) breaking that we have so far observed is in the polar-

ized sea generated through photon-gluon fusion where the strange-quark mass
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term is important – see Eq. (6.33) and Fig. 6.2. The effect of including SU(3)

breaking in the parton model for ∆qpartons within various factorization schemes

has been investigated in Glück et al. (2001).

(3) Topological charge screening and target independence of the “spin effect” gen-

erated by a small value of χ′(0) in the flavour-singlet Goldberger-Treiman rela-

tion. This scenario could be tested through semi-inclusive measurements where

a pion or D meson is detected in the target fragmentation region, perhaps using

a polarized ep collider with Roman pot detectors [Shore and Veneziano (1998)].

These experiments could, in principle, be used to vary the target and measure

g1 for e.g. ∆++ and ∆− targets along the lines of the programme that has been

carried through in unpolarized scattering [Holtmann et al. (1994)].

(4) Non-perturbative evolution associated with the renormalization group factor

E(αs) between deep inelastic scales and the low-energy scale where quark models

might, perhaps, describe the twist 2 parton distributions [Jaffe (1987)]. One fea-

ture of this scenario is that (in the four flavour theory) the polarized charm and

strange quark contributions evolve at the same rate with changing Q2 since

∆s − ∆c is flavour non-singlet (and therefore independent of the QCD axial

anomaly) [Bass and Thomas (1993a)]. Heavy-quark renormalization group ar-

guments suggest that ∆c is small [Bass et al. (2002); Kaplan and Manohar

(1988)] up to 1/mc corrections.

The perturbative QCD expansion of E(αs) is

E(αs) =

[
1 − 24f

33− 2f

αs

4π
(8.12)

+
1

2

(
αs

4π

)2
f

33 − 2f

(
16f

3
− 472 + 72

102− 14f
3

33 − 2f

)
+ ...

]

where f is the number of flavours. To O(α2
s) the perturbative expansion (8.12)

remains close to one – even for large values of αs. If we take αs ∼ 0.6 as typical

of the infra-red then

E(αs) ' 1 − 0.13− 0.03 = 0.84. (8.13)

Here -0.13 and -0.03 are the O(αs) and O(α2
s) corrections respectively. Pertur-

bative QCD evolution is insufficient to reduce the flavour-singlet axial-charge

from its naive value 0.6 to the value ∼ 0.3 extracted from polarized deep inelas-

tic scattering.

(5) Large gluon polarization ∆g ∼ 1 at the scale µ ∼ 1GeV could restore con-

sistency between the measured g
(0)
A and quark model predictions if the quark

model predictions are associated with ∆qpartons (the low kt contribution to g
(0)
A )

in Eq. (6.39). ∆g is being measured through a variety of gluon induced partonic

production processes including charm production and using high pt hadron pairs

as surrogate jets in polarized deep inelastic scattering, and high pt pion pro-

duction and jet studies in polarized proton collisions at RHIC – see Chapter 12

below. Attempts to extract ∆g from QCD motivated fits to the Q2 dependence
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of g1 data have yielded values between about -0.3 and 2 at Q2 ∼ 1 GeV2, with

values |∆g| ∼ 0.3 favoured by recent fits to the most accurate recent data – see

Chapter 10.

How big should we expect ∆g to be? Since αs∆g ∼ constant as Q2 → ∞
it follows that the gluon polarization ∆g must become large at some asymp-

totic scale. What about at the scales typical of experiments and quark models?

Working in the framework of light-cone models one finds contributions from

“intrinsic” and “extrinsic” gluons. Extrinsic contributions arise from gluon

bremsstrahlung qV → qV g of a valence quark and have a relatively hard virtu-

ality. Intrinsic gluons are associated with the physics of the nucleon wavefunc-

tion (for example, gluons emitted by one valence quark and absorbed by another

quark) and have a relatively soft spectrum [Bass et al. (1999)]. Light-cone mod-

els including QCD colour coherence at small Bjorken x and perturbative QCD

counting rules at large x [Brodsky and Schmidt (1990); Brodsky et al. (1995)]

suggest values of ∆g ∼ 0.6 at low scales ∼ 1 GeV2 – sufficient to account for

about one third of the “missing spin” or measured value of g
(0)
A .

Bag model calculations give values ∆g ∼ −0.4 (note the negative sign) when

one includes gluon exchange contributions and no “self field” contribution where

the gluon is emitted and absorbed by the same quark [Jaffe (1996)] and ∆g ∼
0.24 (positive sign) when the “self field” contribution is included [Barone et al.

(1998)].

(6) Large negatively polarized strangeness in the quark sea (with small kt). This

scenario can be tested through semi-inclusive measurements of polarized deep

inelastic scattering provided that radiative corrections, fragmentation functions

and the experimental acceptance are under control.

Of course, the final answer may prove to be a cocktail solution of these possible

explanations or include some new dynamics that has not yet been thought of.

In testing models of quark sea and gluon polarization it is important to un-

derstand the transverse momentum and Bjorken x dependence of the different sea-

quark dynamics. For example, sea quark contributions to deep inelastic structure

functions are induced by perturbative photon-gluon fusion [Efremov and Teryaev

(1988); Altarelli and Ross (1988); Carlitz et al. (1988)], pion and kaon cloud

physics [Melnitchouk and Malheiro (1999); Koepf et al. (1992); Cao and Signal

(2003); Bissey et al. (2006)], instantons [Forte and Shuryak (1991); Schafer and

Zetocha (2004); Nishikawa (2004); Dolgov et al. (1999)], ... In general, different

mechanisms produce sea-quarks with different x and kt dependence.

Lattice calculations are also making progress in unravelling the spin structure

of the proton [Mathur et al. (2000); Negele et al. (2004); Edwards et al. (2006);

Hägler et al. (2007)]. Interesting new results [Negele et al. (2004)] suggest a value

of g
(0)
A about 0.7 in a heavy-pion world where the pion mass mπ ∼ 700− 900 MeV.

Physically, in the heavy-pion world (away from the chiral limit) the quarks become

less relativistic and it is reasonable to expect the nucleon spin to arise from the
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valence quark spins. Sea quark effects are expected to become more important as

the quarks become lighter and sea production mechanisms become important. It

will be interesting to investigate the behaviour of g
(0)
A in future lattice calculations

as these calculations approach the chiral limit. For the isovector axial charge g
(3)
A

considerable progress has been made. The lattice calculations at m2
π ∼ 0.15 GeV2

plus chiral extrapolation are in good agreement with the physical value – see Fig. 8.1.

In an alternative approach to understanding low energy QCD Witten

(1983a,b) noticed that in the limit that the number of colours Nc is taken to infin-

ity (Nc → ∞ with αsNc held fixed) QCD behaves like a system of bosons and the

baryons emerge as topological solitions called Skyrmions in the meson fields. In this

model the spin of the large Nc “proton” is a topological quantum number. The “nu-

cleon’s” axial charges turn out to be sensitive to which meson fields are included in

the model and the relative contribution of a quark source and pure mesons – we refer

to the lectures of Aitchison (1988) for a more detailed discussion of the Skyrmion

approach. Brodsky et al. (1988) found that g
(0)
A vanishes in a particular version of

the Skyrmion model with just pseudoscalar mesons. Non-vanishing values of g
(0)
A

are found using more general Skyrmion Lagrangians [Ryzak (1989); Cohen and

Banerjee (1989)], including with additional vector mesons [Johnson et al. (1990)].

Going beyond the first moment, the light-cone correlation functions permit

quark model calculations of deep inelastic structure functions. First, one interprets

the light-cone operator matrix element 〈p, s|[q(z−)γ+q(0)]|p, s〉 as the amplitude to

take a quark out from (or insert an anti-quark into) the target proton at position

0 and re-insert the quark (take out the anti-quark) at a position z− along the

light cone. This matrix element is then calculated in one’s favourite quark model.

The renormalisation scale for the matrix element is taken at some low input scale

µ2 ∼ 0.2 − 0.5 GeV2 where the quark model might be a good approximation to

nature. The model structure functions are calculated at the input model scale

and then evolved using DGLAP evolution up to the scale of the deep inelastic

experiments, where they are compared to data. Typical predictions for the proton

and neutron spin structure functions are shown in Fig. 8.2.
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Fig. 8.1 Recent lattice results for the fraction of the proton spin arising from the quark spin ∆Σ

and quark orbital angular momentum Lq . [Negele et al. (2004)] and g
(3)
A

[Edwards et al. (2006)]
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Fig. 8.2 Model predictions for the spin dependent structure functions xgp
1 and xgn

1 at Q2 =
2.5 GeV2 together with data from HERMES, from Bissey et al. (2006).



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

This page intentionally left blankThis page intentionally left blank



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

Chapter 9

THE SPIN-FLAVOUR STRUCTURE OF
THE PROTON

9.1 The valence region and large x

The large x region (x close to one) is very interesting and particularly sensitive to the

valence structure of the nucleon. Valence quarks dominate deep inelastic structure

functions for large and intermediate x (greater than about 0.2). Experiments at

Jefferson Lab are making the first precision measurements of the proton’s spin

structure at large x – see Figs. 9.1 and 9.2.

QCD motivated predictions for the large x region exist based on perturbative

QCD counting rules and quarks models of the proton’s structure based on SU(6)

[flavour SU(3) ⊗ spin SU(2)] and scalar diquark dominance. We give a brief expla-

nation of these approaches.

(1) Perturbative QCD counting rules predict that the parton distributions should

behave as a power series expansion in (1−x) when x → 1 [Brodsky et al. (1995);

Farrar and Jackson (1975)]. The fundamental principle behind these counting

rules results is that for the leading struck quark to carry helicity polarized in the

same direction as the proton the spectator pair should carry spin zero, whence

they are bound through longitudinal gluon exchange. For the struck quark to be

polarized opposite to the direction of the proton the spectator pair should be in

a spin one state, and in this case one has also to consider the effect of transverse

gluon exchange. Calculation shows that this is supressed by a factor of (1−x)2.
Further, the valence Fock states with the minimum number of constituents give

the leading contribution to structure functions when one quark carries nearly

all of the light-cone momentum; just on phase-space grounds alone, Fock states

with a higher number of partons must give structure functions which fall off

faster at x → 1. We use q↑(x) and q↓(x) to denote the parton distributions

polarized parallel and antiparallel to the polarized proton. One finds [Brodsky

et al. (1995)]

q↑↓(x) → (1 − x)2n−1+2∆Sz , (x → 1) (9.1)

Here n is the number of spectators and ∆Sz is the difference between the

polarization of the struck quark and the polarization of the target nucleon.

117
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Fig. 9.1 Left: Recent data on An
1 from the E99-117 experiment [Zheng et al. (2004a,b)]. Right:

extracted polarization asymmetries for u + ū and d + d̄. For more details and references on the

various model predictions, see Zheng et al. (2004a,b).

When x → 1 the QCD counting rules predict that the structure functions

should be dominated by valence quarks polarized parallel to the spin of the

nucleon. The ratio of polarized to unpolarized structure functions should go

to one when x → 1. For the helicity parallel valence quark distribution one

predicts

q↑(x) ∼ (1 − x)3, (x→ 1) (9.2)

whereas for the helicity anti-parallel distribution one obtains

q↓(x) ∼ (1 − x)5, (x → 1). (9.3)

Sea distributions are suppressed and the leading term starts as (1 − x)5.

(2) Scalar diquark dominance is based on the observation that, within the context

of the SU(6) wavefunction of the proton

|p ↑〉 =
1√
2
|u ↑ (ud)S=0〉 +

1√
18

|u ↑ (ud)S=1〉 −
1

3
|u ↓ (ud)S=1〉

−1

3
|d ↑ (uu)S=1〉 +

√
2

3
|d ↓ (uu)S=1〉, (9.4)

one gluon exchange tends to make the mass of the scalar diquark pair lighter

than the vector spin-one diquark combination. One-gluon exchange offers an
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Table 9.1 QCD motivated model predictions for the large x limit
of deep inelastic spin asymmetries and parton distributions.

Model ∆u/u ∆d/d Ap
1 An

1 d/u

SU(6) 2
3

- 1
3

5
9

0 1
2

Broken SU(6), scalar diquark 1 - 1
3

1 1 0

QCD Counting Rules 1 1 1 1 1
5

explanation of the nucleon-∆ mass splitting and has the practical consequence

that in model calculations of deep inelastic structure functions the scalar di-

quark term 1√
2
|u ↑ (ud)S=0〉 in Eq. (9.4) dominates the physics at large Bjorken

x [Close and Thomas (1988)].

In the large x region (x close to one) where sea quarks and gluons can be

neglected the neutron and proton spin asymmetries are given by

An
1 =

∆u+ 4∆d

u+ 4d
,

Ap
1 =

4∆u+ ∆d

4u+ d
. (9.5)

in leading order QCD. Rearranging these expressions one obtains formulae for the

separate up and down quark distributions in the proton:

∆u

u
=

4

15
Ap

1(4 +
d

u
) − 1

15
An

1 (1 + 4
d

u
)

∆d

d
=

4

15
An

1 (4 +
u

d
) − 1

15
Ap

1(1 + 4
u

d
). (9.6)

The predictions of perturbative QCD counting rules and scalar diquark dominance

models for the large x limit of these asymmetries are given in Table 9.1. On the

basis of both perturbative QCD and SU(6), one expects the ratio of polarized to

unpolarized structure functions, A1n, should approach 1 as x → 1 [Melnitchouk

and Thomas (1996); Isgur (1999)].

Interesting measurements of the large x region are available from the Hall A

and Hall B Collaborations at the Jefferson Laboratory. The Hall A Collaboration

measurement of the neutron asymmetry An
1 [Zheng et al. (2004a)] is shown in

Fig. 9.1. These data show a clear trend for An
1 to become positive at large x. The

crossover point where An
1 changes sign is particularly interesting because the value

of x where this occurs in the neutron asymmetry is the result of a competition

between the SU(6) valence structure [Close and Thomas (1988)] and chiral correc-

tions [Schreiber and Thomas (1988); Steffens et al. (1995)]. Figure 9.2 also shows

the extracted valence polarization asymmetries. The data are consistent with con-

stituent quark models with scalar diquark dominance which predict ∆d/d→ −1/3

at large x, while perturbative QCD counting rules predictions (which neglect quark

orbital angular momentum) give ∆d/d→ 1 and tend to deviate from the data, un-

less the convergence to 1 sets in very late. The Hall B measurements of the proton
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Fig. 9.2 JLab measurements from Hall B for the asymmetries Ap
1 (above left) and Ad

1 (above
right). The quark polarizations ∆u/u and ∆d/d extracted from the data are shown below [Dhar-
mawardane et al. (2006)]. Included are all data above W = 1.77 GeV and Q2 = 1 GeV2 and the
results of various fits.

and deuteron large x asymmetries together with the extracted values of ∆u/u and

∆d/d are shown in Fig. 9.2 [Dharmawardane et al. (2006)]. The extracted values
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Fig. 9.3 Predictions for polarized quark distributions at large x with the inclusion of non-zero
orbital angular momentum (solid curves) from Avakian et al. (2007).

of ∆d/d appear to deviate from the Hall A measurements in the larger x region,

x ∼ 0.6, and are less inconsistent with helicity counting rules predictions at large x.

Brodsky and collaborators [Avakian et al. (2007)] have recently argued that

when one also includes valence Fock states with non-zero orbital angular momentum,

one finds a large logarithm correction to the negative helicity quark distributions

in addition to its power behaviour, scaling as

∼ (1 − x)5 log2(1 − x) (9.7)

The effect of including this contribution is illustrated in Fig. 9.3, and is consistent

with the JLab measurements. An interesting prediction is that ∆d/d should cross

zero at a value x ∼ 0.75. A precision measurement of A1n up to x ∼ 0.8 will be

possible following the 12 GeV upgrade of CEBAF and will provide valuable input

to resolving these issues [Meziani (2002)].

9.2 The isovector part of g1

Constituent quark model predictions for g1 are observed to work very well in the

isovector channel. First, as highlighted in Chapter 4, the Bjorken sum rule which

relates the first moment of the isovector part of g1, (gp
1 − gn

1 ), to the isovector axial

charge g
(3)
A has been confirmed in polarized deep inelastic scattering experiments at

the level of 10% [Windmolders (1999)]. Second, looking beyond the first moment,

one finds the following intriguing observation about the shape of (gp
1 − gn

1 ). Figure

9.4 shows 2x(gp
1 − gn

1 ) (SLAC data) together with the isovector structure function
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(F p
2 − Fn

2 ) (NMC data from Arneodo et al. (1994)). In the QCD parton model

one finds the leading order formulae1

2x(gp
1 − gn

1 ) =
1

3
x

[
(u+ u)↑ − (u+ u)↓ − (d+ d)↑ + (d+ d)↓

]
(9.8)

and

(F p
2 − Fn

2 ) =
1

3
x

[
(u+ u)↑ + (u+ u)↓ − (d+ d)↑ − (d+ d)↓

]
. (9.9)

The ratio R(3) = 2x(gp
1 − gn

1 )/(F p
2 −Fn

2 ) is also plotted in Fig. 9.4. It measures the

ratio of polarized to unpolarized isovector quark distributions.

The data reveal a large isovector contribution in g1 and the ratio R(3) is

observed to be approximately constant (at the value ∼ 5/3 predicted by SU(6)

constituent quark models) for x between 0.03 and 0.2, and goes towards one when

x → 1 (consistent with the prediction of both QCD counting rules and scalar

diquark dominance models). The small x part of this data is very interesting. The

area under (F p
2 −Fn

2 )/2x is determined by the Gottfried integral [Gottfried (1967);

Arneodo et al. (1994)]

IG =

∫ 1

0

dx

(
F p

2 − Fn
2

x

)
(9.10)

=
1

3

∫ 1

0

dx

(
uV (x) − dV (x)

)
+

2

3

∫ 1

0

dx

(
u(x) − d(x)

)

which measures SU(2) flavour asymmetry in the sea, and is about 25% suppressed

relative to the simple SU(6) prediction (by the pion cloud [Thomas (1983)], Pauli

blocking [Field and Feynman (1977)], ... ). The area under (gp
1 −gn

1 ) is fixed by the

Bjorken sum rule (and is also about 25% suppressed relative to the SU(6) prediction

– the suppression here being driven by relativistic effects in the nucleon and by

perturbative QCD corrections to the Bjorken sum-rule). Given that perturbative

QCD counting rules or scalar diquark models work and assuming that the ratio R(3)

takes the constituent quark prediction at the canonical value of x ∼ 1
3 , one finds

[Bass (1999)] that the observed shape of gp
1 −gn

1 is almost required to reproduce the

area under the Bjorken sum rule (which is determined by the physical value of g
(3)
A

— a non-perturbative constraint)! The isovector part of g1 has a valence-like small-

x behaviour g
(p−n)
1 ∼ x−0.5 in the presently measured kinematics. The constant

ratio in the low to medium x range contrasts with the naive Regge prediction using

a1 exchange (and no hard-pomeron a1 cut) that the ratio R(3) should fall and be

roughly proportional to x as x → 0. It would be very interesting to have precision
1In a full description one should also include the perturbative QCD Wilson coefficients for the

non-singlet spin difference and spin averaged cross-sections. However, the effect of these coefficients
makes a non-negligible contribution to the deep inelastic structure functions only at x < 0.05 and
is small in the kinematics where there is high Q2 spin data. There is no gluonic or singlet pomeron
contributions to the isovector structure functions (gp

1 − gn
1 ) and (F p

2 − Fn
2 ).
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Fig. 9.4 Above: the isovector structure functions 2xg
(p−n)
1 (SLAC data) and F

(p−n)
2 (NMC).

Below: the ratio R(3) = 2xg
(p−n)
1 /F

(p−n)
2 from Bass (1999).

measurements of g1 at high energy and low Q2 from a future polarized ep collider to

test the various scenarios how small x dynamics might evolve through the transition

region and the application of spin dependent Regge theory.
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Chapter 10

QCD FITS TO g1 DATA

In deep inelastic scattering experiments the different x data points on g1 are each

measured at different values of Q2, viz. xexpt.(Q
2). One has to evolve these ex-

perimental data points to the same value of Q2 in order to test the Bjorken and

Ellis-Jaffe sum-rules.

Next-to-leading order (NLO) QCD-motivated fits taking into account the scal-

ing violations associated with perturbative QCD are used to evolve all the data

points to the same Q2 using DGLAP evolution. The results of these fits are then

extrapolated to x ∼ 0 to test spin sum-rules. The strategy is then to parameter-

ize the parton distributions at some initial scale Q2 = Q2
0, and to determine the

parameters by evolving the parton densities to (usually, larger) Q2 and by com-

paring to experimental data for g1(x,Q
2). Thus the polarized gluon distribution

∆g(x,Q2) can in principle be obtained from a QCD fit to the world data on the g1

spin structure function.

The scale λ2 dependence of the parton distributions is given by the DGLAP

equations discussed in Chapter 3. The flavour singlet parton distributions evolve as

d

dt
∆Σ(x, t) =

αs(t)

2π

[∫ 1

x

dy

y
∆Pqq(

x

y
)∆Σ(y, t) + 2f

∫ 1

x

dy

y
∆Pqg(

x

y
)∆g(y, t)

]

d

dt
∆g(x, t) =

αs(t)

2π

[∫ 1

x

dy

y
∆Pgq(

x

y
)∆Σ(y, t) +

∫ 1

x

dy

y
∆Pgg(

x

y
)∆g(y, t)

]

(10.1)

where ∆Σ(x, t) =
∑

q ∆q(x, t) and t = lnλ2 and the non-singlet term evolves as

d

dt
∆q3(x, t) =

αs(t)

2π

∫ 1

x

dy

y
∆Pqq(

x

y
)∆q3(y, t) (10.2)

The DGLAP splitting functions Pij have the nice physical interpretation of being

the probability of finding a parton i in a parton j at a scale λ2 [Altarelli and Parisi

(1977)].

The spin dependent splitting functions ∆Pij in Eqs. (10.1) and (10.2) have

been calculated at leading-order by Altarelli and Parisi (1977) and at next-to-

leading order by Zijlstra and van Neerven (1994), Mertig and van Neervan (1996)

125



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

126 THE SPIN STRUCTURE OF THE PROTON

and Vogelsang (1996). The leading order expressions are

∆Pqq = C2(R)

[
1 + z2

(1 − z)+
+

3

2
δ(z − 1)

]

∆Pqg =
1

2

[
z2 − (1 − z)2

]
=

1

2

[
2z − 1

]

∆Pgq = C2(R)
1 − (1 − z)2

z

∆Pgg = C2(G)

[
(1 + z)4

(
1

z
+

1

(1 − z)+

)
− (1 − z)3

z
+

(
11

6
− 2

3

T (R)

C2(G)

)
δ(1 − z)

]

(10.3)

Note that each of these spin-dependent splitting-functions are regular and go to a

constant as z → 0. Here, the constants (QCD group factors) are defined as follows.

Let ta = 1
2λa where λa are the Gell-Mann matrices satisfying the SU(3) algebra

[ta, tb] = ifabct
c. Then

Tr tatb = T (R)δab =
1

2
δab

8∑

a

N∑

k

taikt
a
kj = C2(R)δij =

4

3
δij

8∑

c,d

facdfbcd = C2(G)δab = 3δab (10.4)

The leading-order splitting functions ∆Pqq and ∆Pqg satisfy the equations
∫ 1

0

dz ∆Pqq(z) =

∫ 1

0

dz ∆Pqg(z) = 0 (10.5)

corresponding to chirality conservation.

Similar to the analysis that is carried out on unpolarized data, global NLO

perturbative QCD analyses have been performed on the polarized structure function

data sets. The aim is to extract the polarized quark and gluon parton distributions.

These QCD fits are performed within a given factorization scheme, e.g. the “AB”,

chiral invariant (CI) or JET and MS schemes.

Let us briefly review these different factorization schemes.

Different factorization schemes correspond to different procedures for separat-

ing the phase space for photon-gluon fusion into “hard” and “soft” contributions in

the convolution formula Eq. (3.33). In the QCD parton model analysis of photon

gluon fusion that we discussed in Section 6.5 using the cut-off on the transverse

momentum squared, the polarized gluon contribution to the first moment of g1 is

associated with two-quark jet events carrying k2
t ∼ Q2. The gluon coefficient func-

tion is given by C
(g)
PM = g

(γ∗g)
1 |hard where g

(γ∗g)
1 |hard is taken from Eq. (6.32) with

Q2 ≥ λ2 and λ2 � P 2,m2. This transverse-momentum cut-off scheme is sometimes

called the “chiral invariant” (CI) [Cheng (1996)] or JET [Leader et al. (1998)]

scheme.
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Different schemes can be defined relative to this kt cut-off scheme by the

transformation

C(g)

(
x,
Q2

λ2
, αs(λ

2)

)
→ C(g)

(
x,
Q2

λ2
, αs(λ

2)

)
− C̃

(g)
scheme

(
x, αs(λ

2)

)
. (10.6)

Here C̃
(g)
scheme shall be αs

π times a polynomial in x. The parton distributions trans-

form as

∆Σ(x, λ2)scheme = ∆Σ(x, λ2)PM

+f

∫ 1

x

dz

z
∆g(

x

z
, λ2)PMC̃

(g)
scheme(z, αs(λ

2))

∆g(x, λ2)scheme = ∆g(x, λ2)PM (10.7)

so that the physical structure function g1 is left invariant under the change of

scheme. The virtuality and invariant-mass cut-off versions of the parton model that

we discussed in Chapter 6 correspond to different choices of scheme.1

The MS and AB (Adler-Bardeen) schemes are defined as follows. In the

MS scheme the gluonic hard scattering coefficient is calculated using the operator

product expansion with MS renormalisation [’t Hooft and Veltman (1972)]. One

finds [Cheng (1996); Bass (1992a)]:

C
(g)

MS
= C

(g)
PM +

αs

π
(1 − x). (10.8)

In this scheme
∫ 1

0 dx C
(g)

MS
= 0 so that

∫ 1

0 dx ∆g(x, λ2) decouples from
∫ 1

0 dxg1. This

result corresponds to the fact that there is no gauge-invariant twist-two, spin-one,

gluonic operator with JP = 1+ to appear in the operator product expansion for

the first moment of g1. In the MS scheme the contribution of
∫ 1

0
dx ∆g to the

first moment of g1 is included into
∫ 1

0 dx ΣMS(x, λ2). The AB scheme [Ball et al.

(1996)] is defined by the formal operation of adding the x-independent term −αs

2π

to the MS gluonic coefficient, viz.

C
(g)
AB(x) = C

(g)

MS
− αs

2π
. (10.9)

In the MS scheme the polarized gluon distribution does not contribute ex-

plictly to the first moment of g1. In the AB and JET schemes on the other hand

the polarized gluon (axial anomaly contribution) αs∆g does contribute explicitly

to the first moment since
∫ 1

0 dx C
(g) = −αs

2π .

The first attempts to extract information about gluon polarization in the

polarized nucleon used next-to-leading order (NLO) QCD motivated fits to inclusive

g1 data.
1Note that the invariance of g1 under a change of scheme can be violated by topological effects

in the scenario where axial U(1) symmetry is spontaneously broken by instantons. There, quark
instanton interactions produce a δ(x) term in g1 which is not present in the explicit symmetry
breaking scenario. See Chapter 6.
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Typically, the input parametrisations are written as

∆Fk = ηk
xαk (1 − x)βk (1 + γkx)∫ 1

0 x
αk (1 − x)βk (1 + γkx)dx

, (10.10)

where ∆Fk represents each of the singlet, isovector and octet polarized quark dis-

tributions ∆Σ, ∆q3, ∆q8 and the polarized gluon distribution ∆g; ηk is the first

moment of ∆Fk . The moments, ηk, of the non-singlet distributions ∆q3 and ∆q8
are fixed by the values extracted from neutron and hyperon β-decays, viz. F+D

and 3F-D respectively assuming SU(3) flavour symmetry. The positivity of the

distributions (|∆qi(x)| ≤ qi(x)) is also enforced. Typical polarized distributions

extracted from the fits are shown in Fig. 10.1. Given the uncertainties in the fits

associated in part with the ansatz chosen for the shape of the spin-dependent quark

and gluon distributions at a given input scale, values of ∆g were extracted from

the pre-COMPASS and pre-RHIC data ranging between about zero and +2. The

main source of error in the QCD fits comes from lack of knowledge about g1 in the

small x region and (theoretical) the functional form chosen for the quark and gluon

distributions in the fits.

New fits are now being produced taking into account all the available data

including new data from polarized semi-inclusive deep inelastic scattering and the

pp→ π0X process in polarized proton-proton collisions at RHIC.

For a most recent fit to all inclusive g1 data with Q2 > 1 GeV2 using the MS

scheme COMPASS evolved the data to a common value Q2 = 3 GeV2 and obtained

g
(0)
A |pDIS = 0.35± 0.03(stat.) ± 0.05(syst.) (10.11)

for the COMPASS data alone and

g
(0)
A |pDIS = 0.30± 0.01(stat.) ± 0.02(evol.) (10.12)

for the world data. The COMPASS result corresponds to

g
(0)
A |pDIS,Q2→∞ = 0.33 ± 0.03(stat.) ± 0.05(syst.) (10.13)

and polarized strangeness

∆sQ2→∞ =
1

3
(g

(0)
A |pDIS,Q2→∞ − g

(8)
A ) = −0.08± 0.01(stat.) ± 0.02(syst.) (10.14)

Two good solutions for ∆g(x,Q2) were found: one with a positive first moment ∆g

and one with a negative first moment – see Fig. 10.2. For both fits the absolute

value was |∆g| ' 0.2 − 0.3 for Q2
0 = 3 GeV2 and the uncertainty from the fit was

∼ 0.1. Contributions to the error arising from uncertainties in the factorization

and renormalization scales as well as the influence of the particular parametrisation

chosen for the distribution functions, were not considered. It is also interesting

to note that the polarized strangeness distribution, ∆s(x) = 1
3 (∆Σ − ∆q8)(x),

extracted from these fits (assuming no subtraction at infinity in the g1 dispersion

relation) is almost completely polarized at the large x threshold where it turns on.
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The polarized gluon distribution extracted from this procedure is determined

just through scaling violations in gp,n
1 . Present polarized deep inelastic data comes

only from fixed target experiments which have a limited lever arm in Q2, limiting

the accuracy of the fitting procedure. This contrasts with unpolarized deep inelastic

scattering where HERA and fixed-target data combined offer a large range in x and

Q2. Here the QCD fits rely largely on the rather small difference in Q2 between the

SLAC and HERMES data on one side and the SMC and COMPASS data on the

other, spanning centre of mass energies from 8 GeV to 20 GeV. Future polarized ep

collider data would expand the range of small x measurements and the lever arm

in Q2.

To go further more direct measurements involving glue sensitive observables

are needed to really extract the magnitude of ∆g and the shape of ∆g(x,Q2) in-

cluding any possible nodes in the distribution function. Also, the first moments

depend on integrations from x = 0 to 1. Perhaps there is an additional component

at very small x?
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Fig. 10.1 Polarized parton distribution functions from NLO pQCD (MS) fits at Q2 = 4GeV2 using
SU(3) flavour assumptions [Stoesslein (2002)].
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Fig. 10.2 The polarized gluon distribution x∆g(x) corresponding to the fits with ∆g > 0 (left)
and ∆g < 0 (right) in the COMPASS fits [Alexakhin et al. (2007a)].

10.1 Regge theory and perturbative evolution at small x

The application of perturbative QCD and evolution at small Bjorken x is an in-

teresting topic. Regge phenomenology predicts that the structure functions should

behave as x−α where α is the leading Regge intercept. Perturbative DGLAP evolu-

tion acts to move the area under the structure function towards smaller x. Hence the

question: Are the effective Regge intercepts which describe deep inelastic sctructure

functions are Q2 dependent or not?

Regge and small x physics has been vigorously studied in the context of HERA

and is important for predicting the LHC total cross-section. There are various

models and approaches which depend on whether the hard pomeron observed at

HERA should be treated as a distinct exchange [Donnachie and Landshoff (1998)].

Predictions for the LHC total cross-section range from about 90 mb up to about

150 mb with the larger values associated with a distinct hard-pomeron [Godbole

et al. (2006); Landshoff (2005)]. Can we use present information from polarized

processes to help constrain models of Regge and small x dynamics and is there

evidence in polarized data for distinct hard exchanges? [Bass (2007a)]
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Fig. 10.3 The polarized strange quark distribution x∆s(x) corresponding to the COMPASS NLO
QCD fits with ∆g > 0 (left) and ∆g < 0 (right) [Alexakhin et al. (2007a)].
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Models of small x physics generally fall into two clases. First consider unpo-

larized scattering. The first approach [Martin et al. (2000); Pumplin et al. (2002)]

involves a soft-pomeron and perturbative QCD evolution (DGLAP, αn
s lnm 1

x ... re-

summation) which drives the increase in the effective intercept α, F2 ∼ x−α, from

the soft-pomeron value 0.08 to the value ∼ 0.4 extracted from HERA data [Adloff

et al. (1997); Breitweg et al. (1997)]. In a second approach Cudell et al. (1999) –

see also Donnachie and Landshoff (2002) – have argued that the Regge intercepts

should be independent of Q2 and that the HERA data is described by a distinct

hard-pomeron exchange in addition to the soft-pomeron. The hard pomeron should

also appear in low Q2 photoproduction data and in proton-proton collisions. There

are two conflicting measurements of the total cross-section at the Tevatron [Amos

et al. (1989); Abe et al. (1994)]. The larger CDF measurement favours a separate

hard pomeron contribution.

Is there a place in polarized data where similar physics issues occur? There are

interesting clues in the data. The rise in gp−n
1 ∼ x−0.5 poses a challenge for Regge

predictions and perturbative QCD. Recalling Chapter 2, the Regge prediction for

gp−n
1 at small x is

gp−n
1 ∼

∑

i

fi

(
1

x

)αi

. (10.15)

Here the αi denote the Regge intercepts for isovector a1 Regge exchange and the

a1-pomeron cuts [Heimann (1973)]. The coefficients fi are to be determined from

experiment. If one makes the usual assumption that the a1 Regge trajectories are

straight lines parallel to the (ρ, ω) trajectories then one finds αa1 ' −0.4 for the

leading trajectory, within the phenomenological range −0.5 ≤ αa1 ≤ 0 discussed in

Ellis and Karliner (1988). Taking the masses of the a1(1260) and a3(2070) states

together with the a1(1640) and a3(2310) states from the Particle Data Group (2004)

yields two parallel a1 trajectories with slope ∼ 0.75GeV−2 and a leading trajectory

with slightly lower intercept: αa1 ' −0.18. For this value of αa1 the effective

intercepts corresponding to the a1 soft-pomeron cut and the a1 hard-pomeron cut

are ' −0.1 and ' +0.22 respectively if one takes the soft and hard pomerons as two

distinct exchanges. Values of αa1 close to zero could be achieved with curved Regge

trajectories; the recent model of Brisudova et al. (2000) predicts αa1 = −0.03±0.07.

For this value the intercepts of the a1 soft-pomeron cut and the a1 hard-pomeron

cut become ∼ +0.05 and ∼ +0.37. The a1 and a1 soft-pomeron cut alone are unable

to account for the data.2

Does the observed rise in g
(p−n)
1 follow from a1 exchange plus perturbative

QCD evolution or is there a distinct hard exchange? – that is, a polarized analogue

2It should be noted that, in the measured x range, the effective isovector exponent 0.5 could be
softened through multiplication by a (1 − x)n factor – for example associated with perturbative
QCD counting rules at large x (x close to one). For example, the exponent x−0.5 could be modified
to about x−0.25 through multiplication by a factor (1 − x)6. However, this is not sufficient to
reconcile the measured rising structure function with the naive Regge prediction involving soft a1

exchange.
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of the one or two pomerons question! The difference between the effective intercept

describing gp−n
1 at deep inelastic values of Q2 and the prediction based on soft

a1 exchange is a factor of up to 2-3 bigger than the difference in the effective

intercept needed to describe F2 in the unpolarized HERA data and the soft-pomeron

prediction.

In the conventional approach the a1 term (or a1 soft-pomeron cut) should

describe the high-energy part of g1 close to photoproduction and provide the input

for perturbative QCD evolution at deep inelastic values of Q2 above the transition

region. One then applies perturbative QCD (DGLAP or DGLAP plus double log-

arithm ln2 1
x ... resummation) and out should come the rising structure function

seen in the data. For gp−n
1 with DGLAP evolution this approach has the chal-

lenging feature that the input and output (at soft and hard scales) are governed

by non-perturbative constraints with perturbative QCD evolution in the middle

unless the a1 Regge input has information about g
(3)
A built into it. (Furthermore,

perturbative αl+1
s ln2l x resummation calculations predict a sharp rise [Badelek and

Kwiecinski (1998); Ziaja (2003); Ermolaev et al. (2005)] ∼ x−γ with γ ∼ 0.9 in

the absolute value of the isosinglet spin structure function gd
1 which is not observed

in the present data. The measured structure function is consistent with zero for x

between the lowest value 0.004 and 0.05 (Fig. 2.9 and [Alexakhin et al. (2007a)]),

and the integral
∫ 1

xmin
dxgd

1 is observed to converge within the errors for xmin ∼ 0.05

(Fig. 4.2 and Airapetian et al. (2007)).) The alternative scenario is a separate

hard-exchange contribution (perhaps an a1 hard-pomeron cut) in addition to the

soft a1.

Some guidance may come from looking at the QCD evolution equations in

moment space. We first consider the perturbative DGLAP approach since this is

presently the prime tool used to analyse polarized deep inelastic data.

Let ∆q3(x, t) = (∆u − ∆d)(x, t) denote the isovector spin-dependent parton

distribution with t = ln Q2

Λ2 ;
∫ 1

0 dx∆q3(x, t) = g
(3)
A . The DGLAP equation for

∆q3(x, t) is

d

dt
∆q3(x, t) =

αs(t)

2π

∫ 1

x

dy

y
∆P

(
x

y

)
∆q3(y, t) (10.16)

where

∆P (z) = C2(R)

[
1 + z2

(1 − z)+
+

3

2
δ(z − 1)

]
(10.17)

is the leading-order spin-dependent splitting function; C2(R) = 4
3 and ∆P (z) goes

to a constant as z → 0. The area under ∆q3(x, t) is conserved because of the

Bjorken sum-rule. DGLAP evolution acts to shift the weight of the distribution

and gp−n
1 to smaller x with increasing Q2, meaning that a convergent input will be

unstable to DGLAP evolution at a given value of small x [Altarelli et al. (1997)]

and prompting the question at what values of Q2 and small x should spin-dependent

Regge predictions work in this approach, if any?
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The evolution equation (10.16) becomes “singular” in the x → 0 limit if ∆q3
behaves as a constant for x→ 0:

convolution ∼
∫ 1

x

dy

y

{
...

}
. (10.18)

This compares with the singlet channel in unpolarized scattering where the splitting

matrix has a 1/z singularity as z goes to zero for evolution into gluons. If the

unpolarized gluon distribution were to have a leading 1/y pole then the contribution

∆P

(
x

y

)
g(y) ∼ y

x
.
1

y
(10.19)

would yield the same structure in the evolution equation.

Take the Mellin transform
∫ 1

0 dzz
N−1∆P (z):

P (N,αs(Q
2)) =

∫ 1

0

dzzN−1∆P (z) = C2(R)

[
−1

2
+

1

N(N + 1)
− 2

N∑

j=2

1

j

]
. (10.20)

The zeroth moment of the DGLAP splitting function has a pole at N = 0 at

leading order (LO) plus higher-order poles at NLO [Glück et al. (1996)]. If we

require that the scattering amplitude is analytic in Q2 [Eden et al. (2002)], then

Regge singularities are independent of Q2 and new singularities should not suddenly

appear as Q2 increases. This result has practical consequences for singularities in

the Mellin transform of the DGLAP splitting function: the N = 0 poles become

an artifact of the perturbative expansion. That is, they should vanish in a full

(non-perturbative) resummation [Cudell et al. (1999); Donnachie and Landshoff

(2002)] otherwise one will generate an unphysical fixed pole α = 0 contribution in

the isovector part of g1 as soon as one reaches large enough Q2 to apply DGLAP

evolution. To see this, consider the Mellin transform of the spin dependent parton

distribution

u(N,Q2) =

∫ 1

0

dxxN−1∆q3(x,Q
2/Λ2) (10.21)

and its DGLAP equation

∂

∂t
u(N,Q2) = P (N,αs(Q

2))u(N,Q2). (10.22)

If the twist-two term u(N,Q2) has no pole at N = 0 at Q2 values close to photo-

production, then the solution to the DGLAP equation

u(N,Q2) = exp

[
C log

log(Q2/Λ2)

log(Q2
0/Λ

2)
P (N)

]
u(N,Q2

0) (10.23)

automatically generates an essential singularity in u(N,Q2) at N = 0 as soon as Q2

becomes large enough for the application of perturbative QCD; C = 6/(33 − 2f)

where f is the number of active flavours. This is not allowed if we assume that

u(N,Q2) is analytic at N = 0 for some finite range of Q2. It cannot suddenly

acquire a fixed singularity at N = 0 when it is analytically continued in Q2. To
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help understand P (N), Donnachie and Landshoff (2003) consider the example of

the analogous expansion of the function ψ(N,αs) =
√
N2 + αs−N = αs

2N − α2
s

8N3 +....

Although each term in the expansion is singular at N = 0, the function ψ is not:

the expansion is valid only for |N | > αs. (Related issues in unpolarized scattering

are discussed in Altarelli et al. (2006) where a new small x splitting function has

been proposed with no 1/N pole in the Mellin transform.)

The first moment of ∆P (z) vanishes, P (1, αs) = 0, corresponding to the

conserved axial-charge g
(3)
A . The positive odd moments of the DGLAP splitting

function correspond to the anomalous dimensions of axial-tensor operators in the

light-cone operator product expansion for deep inelastic scattering. There are no

operators corresponding to the poles at N = 0 or N = −1.

Going beyond DGLAP evolution, Blümlein and Vogt (1996) have considered

the resummation of αl+1
s ln2l x terms in the evolution kernels of non-singlet contri-

butions to g1. An all orders resummation of these terms in perturbation theory

leads only to corrections of 1% for gp−n
1 relative to NLO calculations in the kine-

matics accessible to present experiments. The most singular contributions in the

perturbation expansion behave like a power series in N(αs/N
2)k when we take the

Mellin transform and work with the moments. The perturbative expansion assumes

that αs < 3πN2/8. Like for the DGLAP procedure discussed above, each term in

the perturbative expansion is singular for N = 0 in moment space. One again en-

counters the issue of whether the isovector gp−n
1 structure function is analytic at

N = 0 for finite Q2.

Motivated by this discussion we consider a hard exchange “input” to per-

turbative evolution. For a fixed power behaviour u(x, t) ∼ f(Q2)x−ε the Mellin

transform is u(N,Q2) ∼ f(Q2)
N−ε . Substituting this into the DGLAP equation and

equating the coefficient of the pole gives an equation for the coefficent of the Regge

exponent:

∂

∂t
f(Q2) = P (N = ε, αs(Q

2)) f(Q2). (10.24)

If there is a hard exchange with fixed intercept away from the pole at ε = 0, e.g.

ε = 0.5 or perhaps ∼ 0.2 for the a1 hard-pomeron cut (plus (1− x)n counting rules

factors still at work in the measured x range), then a combined Regge-DGLAP

approach should be a good approximation – just as a distinct hard pomeron would

resolve challenging issues in the interpretation of the unpolarized structure function.

Further, if the intercept isQ2 independent the issue of reconciling the Regge input to

perturbative QCD evolution and the Bjorken sum rule constraint would be resolved.

The hard exchange could be looked for in low Q2 data – see below.

In the isosinglet sector it is harder to draw firm conclusions. gp+n
1 is small

and consistent with zero in the measured small x data from COMPASS – see

Fig. 2.9. The Regge prediction involves a contribution ∼ {2 ln 1
x − 1} from two

non-perturbative gluon exchange [Bass and Landshoff (1994); Close and Roberts

(1994)] plus contributions from the f1 trajectory and f1-pomeron cuts. It is un-
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known whether the gluon exchange contribution Reggeizes or whether it is a fixed

pole. In the singlet channel the Mellin transforms of the DGLAP splitting functions

are
∫ 1

0

dzzN−1∆Pqq(z) = C2(R)

[
−1

2
+

1

N(N + 1)
− 2

N∑

j=2

1

j

]

∫ 1

0

dzzN−12f∆Pqg(z) = 4T (R)C2(R)
N + 2

N(N + 1)

∫ 1

0

dzzN−1∆Pgq(z) = 2T (R)
N − 1

N(N + 1)

∫ 1

0

dzzN−1∆Pgg(z) = C2(G)

[
11

6
− 2

3

T (R)

C2(G)
+

2

N
− 4

N + 1
− 2

N−1∑

j=1

1

j

]

(10.25)

Each term develops a 1/N pole as N → ∞. If the two non-perturbative gluon

exchange contribution is a fixed pole then the analytic continuation argument that

we used for gp−n
1 will not invalidate the application of DGLAP evolution for the

flavour singlet component. Brodsky et al. (1995) have argued that colour coherence

forces ∆g(x)/g(x) ∝ x when x → 0. In this scenario we might also expect a po-

larized version of the hard pomeron with intercept ∼ +0.4 which would correspond

to a rising term (in absolute value) like x−0.4 as x → 0. Perhaps the coefficients

of these terms are separately suppressed or perhaps they cancel in the measured

kinematics?

To summarize, if we assume analyticity in Q2 then the isovector spin struc-

ture function gp−n
1 favours a hard exchange contribution at small x with a Q2

independent Regge intercept. This exchange should also contribute to and could

be looked for in high-energy polarized photoproduction and in the transition region

between Q2 = 0 and deep inelastic values of Q2 – viz. Q2 < 1GeV2. High-energy

polarized photoproduction and the transition region could be investigated through

accurate measurements of low Q2 asymmetries using a polarized electron-proton

collider [Bass and De Roeck (2001)] or perhaps with COMPASS using a proton

target. A hard exchange contribution might also show up in the spin-dependent

part of the proton-proton total cross-section. In polarized proton-proton collisions

one would be looking for a leading behaviour ∆σ ∼ s−0.5 to ∼ s−0.8 instead of

the simple a1 prediction ∼ s−1.4 and non-perturbative gluon-exchange contribution

∼ (ln s/µ2)/s with µ ∼ 0.5 − 1 GeV a typical hadronic scale [Bass and Landshoff

(1994); Close and Roberts (1994)]. Will these processes exhibit evidence of a hard

exchange with Regge intercept α ∼ +0.5 or just the exchanges predicted by soft

Regge theory? These spin measurements, together with the total cross-section at

the LHC, would help constrain our understanding of hard and soft exchanges in

high energy collisions. Knowledge of spin-dependent Regge behaviour would fur-
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ther help to constrain the high-energy part of the Gerasimov-Drell-Hearn sum-rule

as well as the high-energy extrapolations of gp−n
1 at intermediate Q2 that go into

the JLab programme to extract information about higher-twist matrix elements in

the nucleon.
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Chapter 11

POLARIZED QUARK DISTRIBUTIONS

Having found that the value of g
(0)
A extracted from polarized deep inelastic scattering

is about half the prediction ∼ 60% of both relativistic quark models and the value of

g
(8)
A extracted from hyperon beta-decays, we would next like to understand whether

the spin suppression is a property of the valence quarks or the sea and glue in the

proton.

For x greater than ∼ 0.2 the structure functions are essentially saturated by

valence quark contributions. Ignoring contributions from polarized glue the partonic

light-quark (u and d) contribution is

∆u+ ∆d ∼ 1

3
(2g

(0)
A |pDIS + g

(8)
A ) (11.1)

where the octet axial-charge is

g
(8)
A =

(
∆u+ ∆d− 2∆s

)

partons

(11.2)

and the singlet axial-charge is

g
(0)
A |pDIS =

(
∆u+ ∆d+ ∆s

)

partons

− 3
αs

2π
∆g (11.3)

Given the weighting factor in the expansion for g1, the first moment of the isosinglet

term and the extracted valence distribution is dominated by the flavour-singlet

piece.

There are several possible mechanisms for producing sea quarks in the nu-

cleon: photon-gluon fusion, the meson cloud of the nucleon, instantons, ... In gen-

eral the different dynamics will produce polarized sea with different x and transverse

momentum dependence. Is this sea polarized and, if yes, does the strange sea po-

larization line up against the spin of the proton to suppress the measured value

of g
(0)
A relative to the value of g

(8)
A ? Alternatively, is the valence spin contribu-

tion suppressed through spin delocalisation and a shift of (valence quark) spin into

topological x = 0 polarization?

There are several probes of valence and sea polarization in the nucleon: semi-

inclusive measurements of polarized deep inelastic scattering, W-boson production

in polarized proton-proton collisions at RHIC, and possible future neutrino factories

or deep inelastic measurements using W-boson exchange at a future polarized ep

collider.

137
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11.1 Semi-inclusive polarized deep inelastic scattering

Semi-inclusive measurements of fast pions and kaons in the current fragmentation

region with final state particle identification can be used to reconstruct the individ-

ual up, down and strange quark contributions to the proton’s spin [Close (1978);

Frankfurt et al. (1989); Close and Milner (1991)]. In contrast to inclusive polar-

ized deep inelastic scattering where the g1 structure function is deduced by detecting

only the scattered lepton, the detected particles in the semi-inclusive experiments

are high-energy (greater than 20% of the energy of the incident photon) charged

pions and kaons in coincidence with the scattered lepton. For large energy fraction

z = Eh/Eγ → 1 the most probable occurence is that the detected π± and K±

contain the struck quark or antiquark in their valence Fock state. They therefore

act as a tag of the flavour of the struck quark [Close (1978)].

In leading order (LO) QCD the double-spin asymmetry for the production of

hadrons h in semi-inclusive polarized γ∗ polarized proton collisons is:

Ah
1p(x,Q

2) '
∑

q,h e
2
q∆q(x,Q

2)
∫ 1

zmin
dz Dh

q (z,Q2)
∑

q,h e
2
qq(x,Q

2)
∫ 1

zmin
dz Dh

q (z,Q2)
(11.4)

where zmin ∼ 0.2. Here

Dh
q (z,Q2) =

∫
dk2

tD
h
q (z, k2

t , Q
2) (11.5)

is the fragmentation function which describes the probability for the struck quark or

antiquark to produce a hadron h (= π±,K±) carrying energy fraction z = Eh/Eγ

in the target rest frame; ∆q(x,Q2) is the quark (or antiquark) polarized parton

distribution and eq is the quark charge. Note the integration over the transverse

momentum kt of the final-state hadrons [Close and Milner (1991)]. (In practice this

integration over kt is determined by the acceptance of the experiment.) Since pions

and kaons have spin zero, the fragmentation functions are the same for both polar-

ized and unpolarized leptoproduction. NLO corrections to Eq. (11.4) are discussed

in de Florian et al. (1998); de Florian and Sassot (2000).

This programme for polarized deep inelastic scattering was pioneered by the

SMC [Adeva et al. (1998c)] and HERMES [Ackerstaff et al. (1999)]. More recent

measurements from HERMES are reported in Airapetian et al. (2004, 2005a) and

COMPASS measurements in Alekseev et al. (2007).

Two different methods are used: the “difference” and Monte-Carlo based “pu-

rity” analyses. We next review the difference and purity methods and the results.

In general the fragmentation functions Dh
i (z,Q2) depend on both the quark

flavor and the hadron type. In particular for a given hadron Dh
i 6= Dh

j . This effect

can be understood in terms of the parton model: if the struck quark is a valence

quark for a particular hadron, it is more likely to fragment into that hadron (e.g.

Dπ+

u > Dπ+

d ). Flavour sensitivity is manifest as sensitivity to anti-quarks (e.g.

Dπ+

d̄
> Dπ+

d ).
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Let D1(z) denote the favoured fragmentation

D1(z) ≡ Dπ+

u (z) = Dπ−

d (z) = Dπ+

d
(z) = Dπ−

u (z) (11.6)

and D2(z) denote the unfavoured fragmentation function

D2(z) ≡ Dπ+

d (z) = Dπ−

u (z) = Dπ+

u (z) = Dπ−

d
(z). (11.7)

We write the strange quark fragmentation function as

D3(z) ≡ Dπ+

s (z) = Dπ−

s (z) = Dπ+

s (z) = Dπ−

s (z) (11.8)

Dependence on the fragmentation functions cancels in some combinations of asym-

metries. We let Nπ+

↑⇓ (x, z) denote the number of π+ produced in a bin characterised

by Bjorken x (> 0.2) and z, where the virtual photon helicity is ↑ and the target

proton helicity is ⇓. The spin averaged pion production rates are independent of

the anomaly. It follows that:

Nπ+

↑⇓ ∼ [
4

9
u↑(x) +

1

9
d̄↑(x)]D1(z) + [

4

9
ū↑(x) +

1

9
d↑(x)]D2(z) +

1

9
[s↑(x) + s̄↑]D3(z)

Nπ−

↑⇑ ∼ [
4

9
u↑(x) +

1

9
d̄↑(x)]D2(z) + [

4

9
ū↑(x) +

1

9
d↑(x)]D1(z) +

1

9
[s↑(x) + s̄↑]D3(z)

Nπ+

↑⇑ ∼ [
4

9
u↓(x) +

1

9
d̄↓(x)]D1(z) + [

4

9
ū↓(x) +

1

9
d↓(x)]D2(z) +

1

9
[s↓(x) + s̄↓]D3(z)

Nπ−

↑⇑ ∼ [
4

9
u↓(x) +

1

9
d̄↓(x)]D2(z) + [

4

9
ū↓(x) +

1

9
d↓(x)]D1(z) +

1

9
[s↓(x) + s̄↓]D3(z)

(11.9)

θ

ν

π+

π

(E’, k’)

*γ (  , q)

e

p

π
u

d
u

(E, k)

N

Fig. 11.1 Kinematics of semi-inclusive deep inelastic scattering.
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whence

Nπ+−π−

↑⇓−↑⇑ ∼
[
4

9
(u↑ − u↓)(x) − 1

9
(d↑ − d↓)(x)

]
(D1 −D2)(z)

Nπ+−π−

↑⇓+↑⇑ ∼
[
4

9
(u↑ + u↓)(x) − 1

9
(d↑ + d↓)(x)

]
(D1 −D2)(z)

In leading order QCD the fragmentation functions cancel in the difference

asymmetry which is determined from the difference of cross sections of positive and

negative hadrons h+ and h−:

Ah+−h−

=
(σh+

↑↓ − σh−
↑↓ ) − (σh+

↑↑ − σh−
↑↑ )

(σh+
↑↓ − σh−

↑↓ ) + (σh+
↑↑ − σh−

↑↑ )
. (11.10)

Here arrows indicate the relative direction of the beam and target polarizations. The

difference asymmetries for the deuteron target give direct access to the polarized

valence distributions

Ah+−h−

d ≡ Aπ+−π−

d = AK+−K−

d =
∆uv + ∆dv

uv + dv
(11.11)

where ∆qv ≡ ∆q − ∆q̄ and

Aπ+−π−

p =
4∆uv − ∆dv

4uv − dv
(11.12)

for a proton target. This difference method is being used by COMPASS for a

deuteron target. Since kaons contribute to the asymmetry (11.11) just like pions

one avoids statistical losses due to hadron identification.

In practice the leading order polarized valence distribution ∆uv + ∆dv is

obtained by multiplying Ah+−h−

by the corresponding leading-order unpolarized

valence distribution taking into account the deuteron D-state probability discussed

in Eq. (2.30) and the fact that the unpolarized parton distributions are extracted

from F2 and the finite value of R(x) = σL/σT , viz.

∆uv + ∆dv =
uv + dv

(1 +R(x,Q2))(1 − 1.5ωD)
Ah+−h−

. (11.13)

Since sea distributions are negligible for x > 0.3 it follows that the large x region is

essentially valence quark saturated:

∆uv + ∆dv ∼ 36

5

gd
1(x,Q2)

(1 − 1.5ωD)
(11.14)

for these kinematics. This relation has been used for the largest x region to minimise

experimental uncertainites. The COMPASS data together with the first moment

integral for the valence quark spin is shown in Fig. 11.2. The result extracted from

the data is

Γv(0.006 < x < 0.7)
∣∣∣
Q2=10GeV2

= 0.40± 0.07(stat.) ± 0.05(syst.), (11.15)



October 2, 2007 9:9 World Scientific Book - 9.75in x 6.5in bass

POLARIZED QUARK DISTRIBUTIONS 141
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Fig. 11.2 The polarized valence quark distribution x(∆uv+∆dv) evolved to Q2 = 10 GeV2 from
Alekseev et al. (2007) and (below) the first moment of ∆uv(x)+∆dv(x) evaluated as a function
of the lower x limit of integration.

Note that the integral is practically saturated at small x within the errors, just like

the isosinglet g1 integral shown in Fig. 4.2 for x < 0.05. The valence quark spin

contribution appears suppressed compared to the quark model prediction ∼ 0.6.

It is interesting to compare the number in Eq. (11.14) with the value of

g
(0)
A |pDIS ∼ 0.35 ± 0.03 ± 0.05. If we assume no subtraction at infinity in the g1
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Table 11.1 Estimates of the first moments ∆uv + ∆dv and ∆ū+ ∆d̄ from the
SMC [Adeva et al. (1998c)], HERMES [Airapetian et al. (2004)], COMPASS
[Alekseev et al. (2007)].

x-range Q2 (GeV2) ∆uv + ∆dv ∆ū+ ∆d̄

SMC98 0.003–0.7 10 0.26 ± 0.21 ± 0.11 0.02 ± 0.08 ± 0.06
HERMES 05 0.023–0.6 2.5 0.43 ± 0.07 ± 0.06 −0.06 ± 0.04 ± 0.03
COMPASS 0.006–0.7 10 0.40 ± 0.07 ± 0.05 0.0 ± 0.04 ± 0.03

spin dispersion relation, then the deep inelastic value ∆s ∼ −0.08± 0.02 disfavours

a symmetric polarized sea (∆ū = ∆d̄ = ∆s = ∆s̄) and favours a strong asymmetry

for the first moments of light sea quarks ∆ū = −∆d̄. The comparison with first

moments obtained with results of SMC and HERMES is summarized in Table 11.1.

Clearly, more direct measurements of ∆s would be very interesting to help resolve

this issue. A first step in this direction has been taken by HERMES.

In a different approach to semi-inclusive deep inelastic scattering HERMES

have combined semi-inclusive data from proton and deuteron targets with a “purity”

extraction method which uses Monte-Carlo methods to simulate the fragmentation

processes. Assuming isospin symmetry of the quark distributions and fragmentation

functions a system of linear equations can be constructed:



Ap
π+

Ap
π−

An
K+

An
K+

...




= f [qi(x), D
h
i ]




∆u

∆d

∆s

∆ū
...




(11.16)

These equations are solved for the ∆qi taking the unpolarized quark distributions

from previous parametrizations and the fragmentation functions from either the

LUND Monte-Carlo or fits to (unpolarized) pion and kaon production data.

Figure 11.3 shows the results on the flavor separation from HERMES

[Airapetian et al. (2004)], which were obtained using a leading-order (naive parton

model) analysis. The polarization of the up and down quarks are positive and neg-

ative respectively, while the sea polarization data are consistent with zero and not

inconsistent with the negative sea polarization suggested by inclusive deep inelastic

data within the measured x range [Glück et al. (2001); Blümlein and Böttcher

(2002)]. However, there is also no evidence from this semi-inclusive analysis for

a large negative strange quark polarization. For the region 0.023 < x < 0.3 the

extracted ∆s integrates to the value +0.03 ± 0.03 ± 0.01 which contrasts with the

negative value for the polarized strangeness ∼ −0.08±0.02 extracted from inclusive

measurements of g1.

In a new analysis HERMES combine the inclusive deuteron asymmetry and

semi-inclusive kaon asymmetries to make a new extraction of ∆s. The analysis used

just isospin invariance and the charge conjugation properties of the fragmentation

functions. Preliminary results from Jackson (2006) are shown in Fig. 11.4 and
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Fig. 11.3 Recent Hermes results for the quark and antiquark polarizations extracted from semi-
inclusive deep inelastic scattering [Airapetian et al. (2004)].

the extracted ∆s is again consistent with zero. (Within the measured region one

finds a strangeness polarization contribution 0.006±0.029(stat.)±0.007(sys.).) The

present semi-inclusive data hint at a scenario where the missing spin is a problem

for the valence quarks and that the sea, including the strange sea, carries little

polarization. It will be interesting to see whether this effect persists in forthcoming

semi-inclusive data from COMPASS. The HERMES data also favour an isospin

symmetric sea ∆ū− ∆d̄, but with large uncertainties.

An important issue for semi-inclusive measurements is the angular coverage of

the detector [Bass (2003a)]. The non-valence spin-flavour structure of the proton

extracted from semi-inclusive measurements of polarized deep inelastic scattering
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Table 11.2 First moment integrals extracted from HER-
MES data [Airapetian et al. (2004)].

∫ 0.6
0.023 dx∆qi(x) HERMES results (Q2 = 2.5 GeV2)

∆u 0.601 ± 0.039 ± 0.049
∆ū −0.002 ± 0.036 ± 0.023
∆d −0.226 ± 0.039 ± 0.050
∆d̄ −0.054 ± 0.033 ± 0.011
∆s 0.028 ± 0.033 ± 0.009
∆uv 0.603 ± 0.071 ± 0.040
∆dv −0.172 ± 0.068 ± 0.045
∆Σ 0.347 ± 0.024 ± 0.066
∆q3 0.880 ± 0.045 ± 0.107
∆q8 0.262 ± 0.078 ± 0.045

may depend strongly on the transverse momentum (and angular) acceptance of the

detected final-state hadrons which are used to determine the individual polarized

sea distributions. The present semi-inclusive experiments detect final-state hadrons

produced only at small angles from the incident lepton beam (about 150 mrad an-

gular coverage) The perturbative QCD “polarized gluon interpretation” [Efremov

and Teryaev (1988); Altarelli and Ross (1988)] of the inclusive measurement of

g
(0)
A |pDIS involves physics at the maximum transverse momentum [Carlitz et al.

(1988); Bass (2003a)] and large angles – see Fig. 6.2. Observe the small value

for the light-quark sea polarization at low transverse momentum and the positive

0

0.1

0.2

10
-1

x.∆Q(x)

XBj

x.∆S(x)

-0.1

0

0.1

10
-1

Fig. 11.4 Strange and non-strange quark helicity distributions at 〈Q2〉 = 2.5 GeV2 from a recent
HERMES analysis [Jackson (2006)]. Here ∆Q(x) = (∆u+ ∆ū+ ∆d+ ∆d̄)(x).
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value for the integrated strange sea polarization at low k2
t : kt < 1.5 GeV at the

HERMES Q2 = 2.5 GeV2. When we relax the transverse momentum cut-off, in-

creasing the acceptance of the experiment, the measured strange sea polarization

changes sign and becomes negative (the result implied by fully inclusive deep inelas-

tic measurements). For HERMES the average transverse momentum of the detected

final-state fast hadrons is less than about 0.5 GeV whereas for SMC the kt of the

detected fast pions was less than about 1 GeV. Hence, there is a question whether

the leading-order sea quark polarizations extracted from semi-inclusive experiments

with limited angular resolution fully include the effect of the axial anomaly or not.

Recent theoretical studies motivated by this data also include possible effects

associated with spin dependent fragmentation functions [Kretzer et al. (2001)],

possible higher twist effects in semi-inclusive deep inelastic scattering, and possible

improvements in the Monte Carlo [Kotzinian (2003)]. A recent global analysis of

fragmentation functions is given in de Florian et al. (2007a,b).

11.2 Weak boson production

The W boson production programme at RHIC will provide flavour-separated mea-

surements of up and down quarks and antiquarks [Bunce et al. (2000)]. At RHIC

the polarization of the u, u, d and d quarks in the proton will be measured directly

and precisely using W boson production in ud→W+ and du→W−. The charged

weak boson is produced through a pure left-handed V-A coupling and the chirality

of the quark and anti-quark in the reaction is fixed.

The leading-order production of W bosons, ud̄ → W+, is illustrated in

Fig. 11.5. The longitudinally polarized proton at the top of each diagram col-

lides with an unpolarized proton, producing a W+. At RHIC the polarized pro-

tons will be in bunches, alternately right- (+) and left- (−) handed. The parity-

violating asymmetry is the difference of left-handed and right-handed production

of W bosons, divided by the sum and normalized by the beam polarization:

AW
L =

1

P
× N−(W ) −N+(W )

N−(W ) +N+(W )
. (11.17)

A parity violating asymmetry for W+ production in pp collisions can be ex-

pressed as

A(W+) =
∆u(x1)d(x2) − ∆d(x1)u(x2)

u(x1)d(x2) + d(x1)u(x2)
. (11.18)

where we set the Cabbibo angle to zero in a first approximation. ForW− production

u and d quarks should be exchanged. The expression converges to ∆u(x)/u(x) and

−∆d(x)/d(x) in the limits x1 � x2 and x2 � x1 respectively. The momentum

fractions are calculated as x1 = MW√
s
eyW and x2 = MW√

s
e−yW , with yW the rapidity

of the W . The experimental difficulty is that the W boson is observed through

its leptonic decay W → lν and only the charged lepton is observed. The resulting
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Fig. 11.5 Production of a W + in a ~pp collision, at lowest order. (a) ∆u is probed in the
polarized proton. (b) ∆d̄ is probed.

measurement precision is shown in Fig. 11.6 for the assumed integrated luminosity

of 800 pb−1 at
√
s = 500 GeV. A 500-GeV commissioning run took place in June

2006, and the high-energy program is expected to start in earnest in 2009.

11.3 Inclusive spin-dependent structure functions

It has also been pointed out that neutrino factories and deep inelastic scattering

through electroweakW± boson exchange measurements at a future ep collider would

be ideal tools for polarized quark flavour decomposition studies. These would allow

one to collect large data samples of charged current events, in the kinematic region

(x,Q2) of present fixed target data and beyond [Anselmino et al. (1994); Forte
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Fig. 11.6 Expected sensitivity for the flavor decomposition of quark and anti-quark polarizations

using the PHENIX detector at RHIC [Bunce et al. (2000)] .

et al. (2001); Deshpande et al. (2005)]. A complete separation of all four flavours

and anti-flavours would become possible, including ∆s(x,Q2).

Going beyond electromagnetic interactions, there are extra structure functions

which occur in deep inelastic scattering involving parity violating W± and Z0 ex-

changes. When parity violation is allowed extra parity-odd Lorentz structures enter

the hadron tensorWµν – each with an accompanying extra structure function. Since

CP symmetry is conserved in these processes it follows that these extra structure

functions F3 for spin-independent scattering, and g3, g4 and g5 for spin-dependent

scattering measure charge-parity odd combinations of parton distributions. The
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hadronic tensor can be written in full generality as

Wµν (p, q, s) =
1

4π

∫
d4z eiq.z〈p, s| [Jµ(z), Jν(0)] |p, s〉

= −gµνF1(x,Q
2) +

pµpν

p q
F2(x,Q

2) − iεµνρσ
qρpσ

2 p.q
F3(x,Q

2)

+ iεµνρσq
ρ

[
sσ

p.q
g1(x,Q

2) +
sσ(p.q) − pσ(s.q)

(p.q)2
g2(x,Q

2)

]

+

[
pµsν + sµpν

2p.q
− s.q

(p.q)2
pµpν

]
g3(x,Q

2)

+
s.q

(p.q)2
pµpν g4(x,Q

2) − s.q

p.q
gµν g5(x,Q

2) . (11.19)

Note that parity-violating interactions mediated by electroweak boson exchange are

required for F3, g3, g4, g5 to contribute. These extra structure functions are sensitive

to charge parity odd distributions

For longitudinal polarization the contributions of the g2 and g3 spin structure

functions g2 to the cross-section are suppressed by powers of M 2/Q2. At leading

order

g4(x,Q
2) = 2xg5(x,Q

2) (11.20)

so that, at leading twist, there are only two independent polarized structure func-

tions, viz. g1 (parity conserving) and g5 (parity violating). The leading-order

formulae for g1 and g5 are obtained by calculating the hadronic tensor for W±

scattering off a free quark. Above the charm threshold one has

gW+

1 (x,Q2) = ∆ū(x,Q2) + ∆d(x,Q2) + ∆c̄(x,Q2) + ∆s(x,Q2)

gW−

1 (x,Q2) = ∆u(x,Q2) + ∆d̄(x,Q2) + ∆c(x,Q2) + ∆s̄(x,Q2)

gW+

5 (x,Q2) = ∆ū(x,Q2) − ∆d(x,Q2) + ∆c̄(x,Q2) − ∆s(x,Q2)

gW−

5 (x,Q2) = −∆u(x,Q2) + ∆d̄(x,Q2) − ∆c(x,Q2) + ∆s̄(x,Q2).

(11.21)
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POLARIZED GLUE ∆g(x, Q2)

There is a vigorous and ambitious global programme to measure ∆g. Interesting

channels include gluon mediated processes in semi-inclusive polarized deep inelastic

scattering (COMPASS) and hard QCD processes in high energy polarized proton-

proton collisions at RHIC.

We would like to know how big the gluon spin contribution is to the total spin

of the proton. The discovery of Altarelli and Ross (1988) and Efremov and Teryaev

(1988) that polarized glue makes a scaling contribution to the first moment of g1,

αs∆g ∼ constant, means that gluon polarization is, a priori, not necessarily small

and must become large at very high momentum scales. The perturbative QCD

anomaly mechanism means that gluon polarization can, in part, screen the quark

spin content that we extract from polarized deep inelastic scattering. How big is

this effect?

Early NLO QCD motivated fits to the inclusive g1 data were suggestive that,

perhaps, the net polarized glue might be positive but more direct measurements

involving glue sensitive observables are needed to really extract the magnitude of

∆g and the shape of ∆g(x,Q2) including any possible nodes in the distribution

function. Hence, the dedicated programme of measurements at COMPASS and

RHIC.

The first experimental attempt to look at gluon polarization was made by the

FNAL E581/704 Collaboration which measured the double-spin asymmetry ALL

for inclusive multi-γ and π0π0 production with a 200 GeV polarized proton beam

and a polarized proton target suggesting that ∆g/g is not so large in the region of

0.05 < x < 0.35 [Adams et al. (1994)].

12.1 Polarized lepto-production

COMPASS has been conceived to measure ∆g via the study of the photon-gluon

fusion process, as shown in Fig. 12.1. The cross section of this process is directly

related to the gluon density at the Born level. The experimental technique consists

of the reconstruction of charmed mesons in the final state. COMPASS also use the

149
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Fig. 12.1 c c production in polarized photon gluon fusion is being used to measure gluon polar-
ization in the polarized proton.

same process with high pt particles instead of charm to access ∆g. This leads to

samples with larger statistics, but these have larger background contributions, from

QCD Compton processes and fragmentation that one has to control.

The main idea behind the high pt particles measurement is the following. Ide-

ally one would like to look at the two-hard-jet cross-section to identify (polarized)

photon-gluon fusion events. However, this is impractical for fixed target exper-

iments at moderate centre-of-mass energies. The strategy instead [Bravar et al.

(1998)] is to use high pt charged hadron pairs (e.g. pions) as surrogate jets to tag

the polarized photon-gluon fusion process and to extract information about gluon

polarization. The hope and expectation is that because of the large invariant mass

of the charged hadron pairs, the underlying QCD subprocesses can still be described

using perturbative QCD even if the virtuality of the incident photon is small or zero.

HERMES was the first to attempt to measure ∆g using high pt charged parti-

cles, as proposed for COMPASS above, and nearly real photons 〈Q2〉 = 0.06 GeV2.

The measurement is at the limit of where a perturbative treatment of the data can

be expected to be valid, but the result is interesting: ∆g/g = 0.41± 0.18± 0.03 at

an average < xg >= 0.17 [Airapetian et al. (2000)]. The momentum of the hadron

was required to be above 4.5 GeV with a transverse component above 0.5 GeV. The

minimum value of the invariant mass of the two hadrons, in the case of two pions,

was 1.0 GeV2. A nonzero asymmetry was observed if the pairs with ph1
t > 1.5 GeV
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Fig. 12.2 Measurements of gluon polarization from COMPASS, HERMES and SMC together
with the COMPASS fits (Chapter 10) for ∆g(x)/g(x) at Q2 = 3 GeV2 corresponding to ∆g > 0
and ∆g < 0 [Mallot (2006)].

and ph2
t > 1.0 GeV were selected. If ph1

t > 1.5 GeV is not enforced the asymmetry

was consistent with zero. The SMC Collaboration performed a similar analysis for

their own data keeping Q2 > 1GeV2. An average gluon polarization was extracted

∆g/g = −0.20 ± 0.28 ± 0.10 at an average gluon momentum xg = 0.07 [Adeva et

al. (2004)].

COMPASS have performed separate analyses for hadron pairs produced with

Q2 > 1 GeV2 and Q2 < 1 GeV2. Here transverse momentum cuts on the pt of

the charged particles p2
t,h1 + p2

t,h2 ≥ 2.5 GeV2 were applied. The gluon polariza-

tion extracted from the high and low Q2 analyses are both compatible with zero

and probe the region around xg ∼ 0.1 [Ageev et al. (2006)]. These measure-

ments together with the most recent results reported from COMPASS from charm

production [Koblitz (2007)] are summarised in Fig. 12.2 and Table 12.1 for gluon

momentum xg ∼ 0.1.

Table 12.1 Polarized gluon measurements from deep inelastic experiments.

Experiment process 〈xg〉 〈µ2〉 ∆g/g

HERMES hadron pairs 0.17 ∼ 2 0.41 ± 0.18 ± 0.03

HERMES inclusive hadrons 0.22 1.35 0.071 ± 0.034+0.105
−0.127

SMC hadron pairs 0.07 −0.20 ± 0.28 ± 0.10
COMPASS hadron pairs, Q2 < 1 0.085 ∼ 3 0.016 ± 0.058 ± 0.055
COMPASS hadron pairs, Q2 > 1 0.13 0.06 ± 0.31 ± 0.06
COMPASS open charm 0.15 13 −0.57 ± 0.41 ± 0.17 (prelim.)
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12.2 RHIC data

The hunt for ∆g is one of the main physics drives for polarized RHIC.

RHIC Spin is achieving polarized proton-proton collisions at 200 GeV centre

of mass energy and ∼ 60% polarization. First test runs at 22 GeV and 500 GeV

centre of mass took place in June 2006. Experiments using the PHENIX and STAR

detectors are investigating polarized glue in the proton. Measurements of ∆g/g are

expected in the gluon x range 0.03 < xg < 0.3 and the key hard scattering processes

are summarized in Table 12.2.

The accelerator performance thus far into the RHIC spin programme and the

current PHENIX detector configuration have made the double-helicity asymmetry

for production of neutral pions with large transverse momentum the best probe of

the gluon polarization in PHENIX [Adare et al. (2007)]. The high pt pion acts

as a surrogate jet. NLO perturbative QCD corrections to this process have been

calculated in de Florian (2003) and Jäger et al. (2003). Charged pion asymmetries

will complement current measurements [Morreale (2007)]. Direct photons provide

a theoretically cleaner probe of ∆g and are directly sensitive to its sign but re-

quire higher luminosity running. The direct photon cross section has already been

measured [Adler et al. (2005b)], with the first asymmetry measurement expected

from the 2006 data and a definitive measurement at 200 GeV anticipated by 2009.

Future detector upgrades will allow access to other probes sensitive to the gluon

polarization, such as open charm and jets. In particular, a silicon vertex barrel

detector is planned for 2009, and a forward calorimeter (1 < |η| < 3) is planned for

2011.

An important channel at STAR providing sensitivity to the gluon is jet pro-

duction [Abelev et al. (2006); Surrow (2007)]. Charged pion asymmetries will

provide complementary sensitivity to gluon polarization. The mid-rapidity cross

section for neutral pions at STAR was recently released and is in good agreement

with NLO perturbative QCD calculations. This represents an important stepping

stone for future neutral pion and direct photon asymmetry measurements, prob-

ing ∆g. Photon-jet correlations will provide information on the kinematics of the

partonic scattering.

The successful application of NLO perturbative QCD to unpolarized RHIC

data for pp → π0X at
√
s = 62 GeV and 200 GeV is shown in Fig. 12.3. Fac-

Table 12.2 Polarized partons from RHIC.

reaction LO subprocesses partons probed x range

pp→ jetsX qq, qq, qg, gg → jetX ∆q,∆g x > 0.03
pp→ πX qq, qq, gg → πX ∆q,∆g x > 0.03
pp→ γX qg → qγ, qq → gγ ∆g x > 0.03

pp→ QQX gg → QQ, qq → QQ ∆g x > 0.01

pp→W±X qq′ →W± ∆u,∆u,∆d,∆d x > 0.06
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Fig. 12.3 PHENIX data for unpolarized pp → π0X in comparison with the predictions of NLO
perturbative QCD calculations. Figures from Adare et al. (2007) for 200 GeV and for 62 GeV pri-
vate communication, to appear in the proceedings of the International Nuclear Physics Conference,
Tokyo, Japan, June 3-8, 2007 (author K. Aoki).

torization is seen to work, inspiring its application to polarized processes and the

extraction of ∆g.

The longitudinal spin asymmetries for pp→ π0X (PHENIX) and pp→ jetX

(STAR) are shown in Figs. 12.4 and 12.5. together with the expectations of different

NLO fits to the inclusive g1 data. In Figs. 12.4 and 12.5 the curves “∆g = 0 input”,

“GRSV-std”, “GRSV-max” (or “∆g = g input”) and “GRSV-min” (or “∆g = −g
input”) correspond to a first moment of ∆g ∼ 0.1, 0.4, 1.9 and −1.8 respectively at

Q2 ∼ 1 GeV2 and “input” refers to the “input scale” µ2 = 0.4 GeV2 in the analysis

of Glück et al. (2001).

The COMPASS and RHIC Spin measurements suggest that polarized glue is,

by itself, not sufficient to resolve the difference between the small value of g
(0)
A |pDIS

and the constituent quark model prediction, ∼ 0.6. The COMPASS semi-inclusive

data suggest that the gluon polarization is small or that it has a node in it around

xg ∼ 0.1, whereas the NLO QCD fits to the inclusive g1 data suggest modest

gluon polarization. The PHENIX and STAR data are consistent with modest gluon

polarization. A combined NLO analysis of all the data would be valuable and, so far,
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fits at s
1
2 = 200 GeV (above) and 62.4 GeV (below). Figures from [Boyle (2007)] and [Aoki

(2007)].

the COMPASS processes have been analysed only at leading order. Nevertheless,

the tentative conclusion is that the gluon polarization may be small, � 1.

Future polarized ep colliders could add information in two ways: by extending

the kinematic range for measurements of g1 or by direct measurements of ∆g. A

precise measurement of ∆g is crucial for a full understanding of the proton spin
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Fig. 12.5 Preliminary STAR data on the longitudinal double spin inclusive jet asymmetry ALL

[Surrow (2007)].

problem. HERA has shown that large centre of mass energy allows several processes

to be used to extract the unpolarized gluon distribution. These include jet and

high pt hadron production, charm production both in deep inelastic scattering and

photoproduction, and correlations between multiplicities of the current and target

hemisphere of the events in the Breit frame. The most promising process for a

direct extraction of ∆g is di-jet production [De Roeck et al. (1999); Rädel and De

Roeck (2002)]. The underlying idea is to isolate boson-gluon fusion events where

the gluon distribution enters at the Born level.
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Chapter 13

TRANSVERSITY

There are three species of twist-two quark distributions in QCD. These are the spin

independent distributions q(x) measured in the unpolarized structure functions F1

and F2, the spin dependent distributions ∆q(x) measured in g1 and the transversity

distributions δq(x).

The transversity distributions describe the density of transversely polarized

quarks inside a transversely polarized proton [Barone et al. (2002)]. Measuring

transversity is an important experimental challenge in QCD spin physics. We briefly

describe the physics of transversity and the programme to measure it.

The twist-two transversity distributions [Ralston and Soper (1979); Artru

and Mekhfi (1990); Jaffe and Ji (1992)] can be interpreted in parton language as

follows. Consider a nucleon moving with (infinite) momentum in the ê3-direction,

but polarized along one of the directions transverse to ê3. Then δq(x,Q2) counts the

quarks with flavour q, momentum fraction x and their spin parallel to the spin of a

nucleon minus the number antiparallel. That is, in analogy with Eq. (2.21), δq(x)

measures the distribution of partons with transverse polarization in a transversely

polarized nucleon, viz.

δq(x,Q2) = q↑(x) − q↓(x). (13.1)

In a helicity basis, transversity corresponds to the helicity-flip structure shown in

Fig. 13.1 making transversity a probe of chiral symmetry breaking [Collins (1993b)].

The first moment of the transversity distribution is proportional to the nucleon’s

C-odd tensor charge, viz. δq =
∫ 1

0 dxδq(x) with

〈p, s| q̄iσµνγ5q |p, s〉 = (1/M)(sµpν − sνpµ)δq. (13.2)

Transversity is C-odd and chiral-odd.

� �
� �

� �

Fig. 13.1 Transversity in helicity basis.

157
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If quarks moved non-relativistically in the nucleon δq and ∆q would be iden-

tical since rotations and Euclidean boosts commute and a series of boosts and ro-

tations can convert a longitudinally polarized nucleon into a transversely polarized

nucleon at infinite momentum. The difference between the transversity and helicity

distributions reflects the relativistic character of quark motion in the nucleon. In

the MIT Bag Model this effect is manifest as follows. The lower component of the

Dirac spinor enters the relativistic spin depolarization factor with the opposite sign

to ∆q because of the extra factor of γµ in the tensor charge [Jaffe and Ji (1992)].

That is, the relativistic depolarization factor

N2

∫ R

0

drr2(f2 − 1

3
g2) = 1 − 1

3

2ω − 3

ω − 1
= 0.65 (13.3)

for ∆q mentioned in Chapter 8 is replaced by

N2

∫ R

0

drr2(f2 +
1

3
g2) = 1 − 1

6

2ω − 3

ω − 1
= 0.83 (13.4)

for δq where ψ = N√
4π

(
f

iσ.r̂g

)
is the Dirac spinor and we take ω = 2.04 for the

proton with all quarks in the (1s) state.

Little is presently known about the shape of the transversity distributions.

However some general properties can be deduced from QCD arguments. The spin

distributions ∆q(x) and δq(x) have opposite charge conjugation properties: ∆q(x)

is C-even whereas δq(x) is C-odd. The spin dependent quark and gluon helicity

distributions (∆q and ∆g) mix under Q2-evolution. In contrast, there is no analog

of gluon transversity in the nucleon so δq evolves without mixing, like a non-singlet

parton distribution function. Not coupling to glue or perturbative q̄q pairs, δq(x)

and the tensor charge promise to be more quark-model–like than the singlet axial-

charge (though they are both scale dependent) and should be an interesting contrast

[Jaffe (2001)]. Under QCD evolution the moments
∫ 1

0
dxxnδq(x,Q2) decrease with

increasing Q2. In leading order QCD the transversity distributions are bounded

above by Soffer’s inequality [Soffer (1995)]

|δq(x,Q2)| ≤ 1

2

[
q(x,Q2) + ∆q(x,Q2)

]
. (13.5)

Experimental study of transversity distributions at leading-twist requires ob-

servables which are the product of two objects with odd chirality – the transversity

distribution and either a second transversity distribution or a chiral odd fragmen-

tation function. In proton-proton collisions the transverse double spin asymmetry,

ATT , is proportional to δqδq̄ with even chirality. However the asymmetry is small

requiring very large luminosity samples because of the large background from gluon

induced processes in unpolarized scattering. The most promising process to measure

this double spin asymmetry is perhaps Drell-Yan production.

Transverse single spin asymmetries AN are also being studied with a view to

extracting information about transversity distributions. Here the focus is on single
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hadron production with a transversely polarized proton beam or target in pp and

ep collisions. The key process is

A(p,~st) +B(p′) → C(l) +X (13.6)

where C is typically a pion produced at large transverse momentum lt.

Several mechanisms for producing these transverse single spin asymmetries

have been discussed in the literature. The asymmetries AN are powered sup-

pressed in QCD. Leading lt behaviour of the produced pion can occur from the

Collins (1993b) and Sivers (1991) effects plus twist-3 mechanisms [Qiu and Ster-

man (1999)]. The Collins effect involves the chiral-odd twist-2 transversity distri-

bution in combination with a chiral-odd fragmentation function for the high lt pion

in the final state. It gives a possible route to measuring transversity. The Sivers

effect is associated with intrinsic quark transverse momentum in the initial state.

The challenge is to disentangle these effects from experimental data.

Factorization for transverse single spin processes in proton-proton collisions

has been derived by Qiu and Sterman (1999) in terms of the convolution of a

twist-two parton distribution from the unpolarized hadron, a twist-three quark-

gluon correlation function from the polarized hadron, and a short distance partonic

hard part calculable in perturbative QCD. We refer to Anselmino et al. (2005)

for a discussion of factorization for processes such as the Collins and Sivers effects

involving unintegrated transverse momentum dependent parton and fragmentation

functions.

We next outline the Collins and Sivers effects.

The Collins effect [Collins (1993b)] uses properties of fragmentation to probe

transversity. The idea is that a pion produced in fragmentation will have some

transverse momentum with respect to the momentum k of the transversely polarized

fragmenting parent quark. One finds a correlation of the form i~st · (~l(π) ×~kt). The

Collins fragmentation function associated with this correlation is chiral-odd and

T-even. It combines with the chiral-odd transversity distribution to contribute to

the transverse single spin asymmetry.

For the Sivers effect [Sivers (1991)] the kt distribution of a quark in a trans-

versely polarized hadron can generate an azimuthal asymmetry through the corre-

lation ~st · (~p× ~kt). In this process final state interaction (FSI) of the active quark

produces the asymmetry before it fragments into hadrons [Brodsky et al. (2002);

Yuan (2003); Burkardt and Hwang (2004); Bachetta et al. (2004)]. This process

involves a kt unintegrated quark distribution function in the transversely polarized

proton. The dependence on intrinsic quark transverse momentum means that this

Sivers process is related to quark orbital angular momentum in the proton [Burkardt

(2002)]. The Sivers distribution function is chiral-even and T-odd. The possible

role of quark orbital angular momentum in understanding transverse single-spin

asymmetries is also discussed in Boros et al. (1993). Brodsky and Gardner (2006)

have highlighted the gluon Sivers function as a possible way to access gluon orbital

angular momentum in the proton.
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The Sivers process is associated with the gauge link in operator definitions of

the parton distributions. The gauge link factor is trivial and equal to one for the

usual kt integrated parton distributions measured in inclusive polarized deep inelas-

tic scattering. However, for kt unintegrated distributions the gauge link survives

in a transverse direction at light-cone component ξ− = ∞. The gauge-link plays a

vital role in the Sivers process [Burkardt (2005)]. Without it (e.g. in the pre-QCD

“naive” parton model) time reversal invariance implies vanishing Sivers effect [Ji

and Yuan (2002); Belitsky et al. (2003a)]. The Sivers distribution function has

the interesting property that it has the opposite sign in deep inelastic scattering

and Drell-Yan reactions [Collins (2002)]. It thus violates the universality of parton

distribution functions.

The FermiLab experiment E704 found large transverse single-spin asymme-

tries AN for π and Λ production in proton-antiproton collisions at centre of mass

energy
√
s = 20 GeV [Adams et al. (1991a,b); Bravar et al. (1996)]. Large

transverse single-spin asymmetries have also been observed in recent data from the

STAR collaboration at RHIC in proton-proton collisions at centre of mass energy√
s = 200GeV [Adams et al. (2004)] – see Figure 13.2 which also shows various

theoretical predictions. Anselmino et al. (2005) take into account intrinsic parton

motion in the distribution and fragmentation functions as well as in the elementary

dynamics and argue that the Collins mechanism may be strongly suppressed at large

Feynman xF in this process. The Sivers effect is not suppressed and remains a can-
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Fig. 13.2 Recent STAR results for the asymmetry AN in pp→ π0X in the forward Feynman-xF

region [Adams et al. (2004)].
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didate to explain the data. Higher-twist contributions [Qiu and Sterman (1999)]

from quark-gluon correlations may also be important. Recent PHENIX data on

p↑p → π0X at midrapidity [Adler et al. (2005a)] has been interpreted to suggest

a small gluon Sivers function [Anselmino et al. (2006)]. The BRAHMS collabo-

ration has also measured significant non-zero asymmetries in forward charged pion

production at 200 (as well as 62.4) GeV [Lee and Videbaek (2006)].

The HERMES experiment has taken measurements of charged pion produc-

tion in ep scattering with transverse target polarization [Airapetian et al. (2005b)].

This data has been analysed for possible contributions from the Collins and Sivers

effects. The azimuthal distribution of the final state pions with respect to the vir-

tual photon axis is expected to carry information about transversity through the

Collins effect and about intrinsic transverse momentum in the proton through the

Sivers effect. In this analysis one first writes the transverse single-spin asymmetry

AN as the sum

AN (x, z) = ACollins
N + ASivers

N + ... (13.7)

where

ACollins
N ∝ |~st| sin(φ+ φS)

∑
q e

2
qδq(x)H

⊥,q
1 (z)

∑
q e

2
qq(x)D

π
q (z)

(13.8)

and

ASivers
N ∝ |~st| sin(φ− φS)

∑
q e

2
qf

⊥,q
1T Dπ

q (z)
∑

q e
2
qq(x)D

π
q (z)

(13.9)

denote the contributions from the Collins and Sivers effects. Here φ is the angle

between the lepton direction and the (γ∗π) plane and φS is the angle between the

lepton direction and the transverse target spin; H⊥q
1 is the Collins function for a

quark of flavour q, f⊥,q
1T is the Sivers distribution function, and Dπ

q is the regular

spin independent fragmentation function. When one projects out the two terms with

different azimuthal angular dependence the HERMES analysis suggests that both

the Collins and Sivers effects are present in the data – see Fig. 13.3. Futhermore,

the analysis suggests the puzzling result that the “favoured” (for u → π+) and

“unfavoured” (for d → π+) Collins fragmentation functions may contribute with

equal weight (and opposite sign) [Airapetian et al. (2005b)].

Recent COMPASS data for pion production from a transverse deuteron target

taken at higher energy and higher Q2 are shown in Fig. 13.4 [Ageev et al. (2007)].

These data are consistent with zero Collins and Sivers asymmetries for the isoscalar

deuteron. (The figure shows the results for “leading hadron” production where all

events involve at least one hadron with the fraction of available energy z > 0.25

and the hadron with the largest z was defined as “leading”.) They are consistent

with the HERMES measurement of non-zero Collins asymmetries on a transversely

polarized proton target if the Collins asymmetry is dominated by its isovector com-

ponent, like the situation for g
(p−n)
1 with longitudinal polarization. The smallness
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Fig. 13.3 HERMES measurements of the virtual-photon Collins and Sivers moments for charged
pion production from a proton target as a function of x and z, multiplied by two to have the
possible range ±1 [Airapetian et al. (2005b)].

of the COMPASS Sivers asymmetry for positive and negative hadron production

from the deuteron has been interpreted as evidence for the absence of large gluon

orbital angular momentum in the nucleon [Brodsky and Gardner (2006)], which is

consistent with the interpretation of a small gluonic Sivers contribution [Anselmino

et al. (2006)] to the PHENIX measurements of pp↑ → π0X .

Other processes and experiments will help to clarrify the importance of the

Collins and Sivers processes. Additional studies of the Collins effect have been

proposed in e+e− collisions using the high statistics data samples of BABAR and
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Fig. 13.4 Collins asymmetry (top) and Sivers asymmetry (bottom) against x, z and ph
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(full circles) and negative leading hadrons (open circles) from the COMPASS 2003–2004 data taken
with a deuteron target. Error bars are statistical only. In all the plots the open circles are slightly
shifted horizontally with respect to the measured value [Ageev et al. (2007)].

BELLE. The aim is to measure two relevant fragmentation functions: the Collins

function H⊥
1 and the interference fragmentation functions δq̂h1,h2 . For the first, one

measures the fragmentation of a transversely polarized quark into a charged pion

and the azimuthal distribution of the final state pion with respect to the initial

quark momentum (jet-axis). For the second, one measures the fragmentation of

transversely polarized quarks into pairs of hadrons in a state which is the super-

position of two different partial wave amplitudes, e.g. π+, π− pairs in the ρ and

σ invariant mass region [Collins et al. (1994); Jaffe et al. (1998)]. The high

luminosity and particle identification capabilities of detectors at B-factories makes

these measurements possible. First data from BELLE are reported in Seidl et al.

(2006) and support a finite Collins asymmetry.

The Sivers distribution function might be measurable through the transverse

single spin asymmetry AN for D meson production generated in p↑p scattering

[Anselmino et al. (2004)]. Here the underlying elementary processes guarantee the

absence of any polarization in the final partonic state so that there is no contami-

nation from Collins like terms. Large dominance of the process gg → cc̄ process at

low and intermediate xF offers a unique opportunity to measure the gluonic Sivers
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distribution function. The gluonic Sivers function could also be extracted from

back-to-back correlations in the azimuthal angle of jets in collisions of unpolarized

and transversely polarized proton beams at RHIC [Boer and Vogelsang (2004)].

A first measurement of this observable has been made by the STAR collaboration

[Abelev et al. (2007)].

Measurements with transversely polarized targets have a bright future and

are already yielding surprises. The results promise to be interesting and to teach us

about transversity and about the role of transverse and orbital angular momentum

in the structure of the proton and fragmentation processes.
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Chapter 14

DEEPLY VIRTUAL COMPTON
SCATTERING AND EXCLUSIVE

PROCESSES

So far we have concentrated on intrinsic spin in the proton. The orbital angular

momentum structure of the proton is also of considerable interest and much effort

has gone into devising ways to measure it. The strategy involves the use of hard

exclusive reactions and the formalism of generalized parton distributions (GPDs)

which describes deeply virtual Compton scattering (DVCS) and meson production

(DVMP). Possible hints of quark orbital angular momentum are also suggested

by recent form-factor measurements at Jefferson Laboratory [Jones et al. (2000);

Gayou et al. (2002)] – see Fig. 14.1. The ratio of the spin-flip Pauli form-factor to

the Dirac form-factor is observed to have a 1/
√
Q2 behaviour in the measured region

in contrast with the 1/Q2 behaviour predicted by QCD Counting Rules (helicity

conservation neglecting angular momentum), viz. F1 ∼ 1/Q4 and F2 ∼ 1/Q6

[Brodsky and Lepage (1980)]. However, this data can also be fit with the formula

F2(Q
2)

F1(Q2)
=

µA

1 + (Q2/c) lnb(1 +Q2/a)
(14.1)

(with µA = 1.79, a = 4m2
π = 0.073 GeV2, b = −0.5922, c = 0.9599 GeV2) prompt-

ing the question at which Q2 the Counting Rules prediction is supposed to work

and at which Q2 higher twist effects can be neglected [Brodsky (2002a)]. At this

point it is interesting to recall that the simple Counting Rules prediction fails to

describe the large x behaviour of ∆d/d in the presently measured JLab kinematics

– Chapter 9.

A 1/Q behaviour for F2(Q
2)/F1(Q

2) is found in a light-front Cloudy Bag

calculation [Miller and Frank (2002); Miller (2002)] and in quark models with

orbital angular momentum [Ralston and Jain (2004); Ralston et al. (2002)]. A new

perturbative QCD calculation which takes into account orbital angular momentum

[Belitsky et al. (2003b)] gives

F2/F1 ∼ (log2Q2/Λ2)/Q2 (14.2)

and also fits the Jefferson Lab data well. This logarithmic correction is consis-

tent with contribution from finite orbital angular momentum Fock states quoted in

Eq. (9.7). The planned 12 GeV upgrade at Jefferson Laboratory will enable us to

165
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Fig. 14.1 Jefferson Lab data on the the ratio of the proton’s Pauli to Dirac form-factors [Gayou
et al. (2002)].

measure these nucleon form-factors at higher Q2 and the inclusive spin asymme-

tries at values of Bjorken x closer to one, and thus probe deeper into the kinematic

regions where QCD Counting Rules should apply. This data promises to be very

interesting!

Deeply virtual Compton scattering (DVCS) provides a possible experimen-

tal tool to access the quark total angular momentum, Jq , in the proton through

the physics of generalized parton distributions (GPDs) [Ji (1997a,b)]. The form-

factors which appear in the forward limit (t → 0) of the second moment of the

spin-independent generalized quark parton distribution in the (leading-twist) spin-

independent part of the DVCS amplitude project out the quark total angular mo-

mentum defined through the proton matrix element of the QCD angular-momentum

tensor. We explain this physics below.

DVCS studies have to be careful to chose the kinematics not to be saturated

by a large Bethe-Heitler (BH) background where the emitted real photon is radi-

ated from the electron rather than the proton – see Fig. 14.2. The HERMES and

Jefferson Laboratory experiments measure in the kinematics where they expect to

be dominated by the DVCS-BH interference term and observe the sinφ azimuthal

angle and helicity dependence expected for this contribution – see Fig. 14.3. First

measurements of the single spin asymmetry have been reported in Airapetian et al.

(2001) and Stepanyan et al. (2001), which have the characteristics expected from
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Fig. 14.2 The DVCS and Bethe-Heitler processes.

the DVCS-BH interference. DVCS has also been observed by the H1 [Adloff et al.

(2001); Aktas et al. (2005)] and ZEUS [Chekanov et al. (2003b)] experiments at

HERA at x ∼ 10−3 and close to the forward direction.

For exclusive processes such as DVCS or hard meson production the general-

ized parton distributions involve non-forward proton matrix elements [Goeke et al.

(2001); Ji (1998); Diehl (2003); Radyushkin (1997); Vanderhaeghen et al. (1998)].

The important kinematic variables are the virtuality of the hard photon Q2, the

momenta p− ∆/2 of the incident proton and p + ∆/2 of the outgoing proton, the

invariant four-momentum transferred to the target t = ∆2, the average nucleon

momentum P , the generalized Bjorken variable k+ = xP+ and the light-cone mo-

mentum transferred to the target proton ξ = −∆+/2p+. The generalized parton

distributions are defined as the light-cone Fourier transform of the point-split matrix

element

P+

2π

∫
dy−e−ixP+y−〈p′|ψ̄α(y)ψβ(0)|p〉y+=y⊥=0

=
1

4
γ−αβ

[
H(x, ξ,∆2)ū(p′)γ+u(p)

+E(x, ξ,∆2)ū(p′)σ+µ ∆µ

2M
u(p)

]

+
1

4
(γ5γ

−)αβ

[
H̃(x, ξ,∆2)ū(p′)γ+γ5u(p)

+Ẽ(x, ξ,∆2)ū(p′)γ5
∆+

2M
u(p)

]
.

(14.3)

(Here we work in the light-cone gauge A+ = 0 so that the path-ordered gauge-link

becomes trivial and equal to one to maintain gauge invariance through-out.)

The physical interpretation of the generalized parton distributions (before
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worrying about possible renormalization effects and higher order corrections) is the

following. Expanding out the quark field operators in Eq. (14.3) in terms of light-

cone quantized creation and annihilation operators one finds that for x > ξ (x < ξ)

the GPD is the amplitude to take a quark (anti-quark) of momentum k − ∆/2 out

of the proton and reinsert a quark (anti-quark) of momentum k + ∆/2 into the

proton some distance along the light-cone to reform the recoiling proton. In this

region the GPD is a simple generalization of the usual parton distributions studied

in inclusive and semi-inclusive scattering. In the remaining region −ξ < x < ξ

the GPD involves taking out (or inserting) a qq̄ pair with momentum k − ∆/2

and −k − ∆/2 (or k + ∆/2 and −k + ∆/2) respectively. Note that the GPDs are

interpreted as probability amplitudes rather than densities.

In the forward limit the GPDs H and H̃ are related to the forward parton

distributions studied in (polarized) deep inelastic scattering:

H(x, ξ,∆2)|ξ=∆2=0 = q(x)

H̃(x, ξ,∆2)|ξ=∆2=0 = ∆q(x) (14.4)

whereas the GPDs E and Ẽ have no such analogue. In the fully renormalized

theory the spin dependent distributions H̃ and Ẽ will be sensitive to the physics

of the axial anomaly and, in this case, it is not easy to separate off an “anomalous

component” because the non-forward matrix elements of the gluonic Chern-Simons

current are non-gauge-invariant even in the light-cone gauge A+ = 0. Integrating

over x the first moments of the GPDs are related to the nucleon form-factors:
∫ +1

−1

dxH(x, ξ,∆2) = F1(∆
2)

∫ +1

−1

dxE(x, ξ,∆2) = F2(∆
2)

∫ +1

−1

dxH̃(x, ξ,∆2) = GA(∆2)

∫ +1

−1

dxẼ(x, ξ,∆2) = GP (∆2). (14.5)

Here F1 and F2 are the Dirac and Pauli form-factors of the nucleon, and GA and GP

are the axial and induced-pseudoscalar form-factors respectively. (The dependence

on ξ drops out after integration over x.)

The GPD formalism allows one, in principle, to extract information about

quark angular momentum from hard exclusive reactions [Ji (1997a)]. The current

associated with Lorentz transformations is

Mµνλ = zνTµλ − zλTµν (14.6)

where Tµν is the QCD energy-momentum tensor. Thus, the total angular momen-

tum operator is related to the energy-momentum tensor through the equation

Jz
q,g = 〈p′, 1

2
|
∫
d3z (~z x ~Tq,g)

z |p, 1
2
〉. (14.7)
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The form-factors corresponding to the energy-momentum tensor can be projected

out by taking the second moment with respect to x) of the GPD. One finds Ji’s

sum-rule for the total quark angular momentum

Jq =
1

2

∫ +1

−1

dxx

[
H(x, ξ,∆2 = 0) +E(x, ξ,∆2 = 0)

]
. (14.8)

The gluon “total angular momentum” could then be obtained through the equation

∑

q

Jq + Jg =
1

2
. (14.9)

In principle, it could also be extracted from precision measurements of the Q2

dependence of hard exclusive processes like DVCS and meson production at next-to-

leading-order accuracy where the quark GPD’s mix with glue under QCD evolution.

To obtain information about the “orbital angular momentum” Lq we need

to subtract the value of the “intrinsic spin” measured in polarized deep inelastic

scattering (or a future precision measurement of νp elastic scattering) from the

total quark angular momentum Jq . This means that Lq is scheme dependent with

different schemes corresponding to different physics content depending on how the

scheme handles information about the axial anomaly, large kt physics and any

possible “subtraction at infinity” in the dispersion relation for g1. The quark total

angular momentum Jq is anomaly free in QCD so that QCD axial anomaly effects

occur with equal magnitude and opposite sign in Lq and Sq [Bass (2002a); Shore

and White (2000)]. The “quark orbital angular momentum” Lq is measured by the

proton matrix element of [q̄(~z x ~D)3q](0), viz.

~Jq =

∫
d3x ~x× ~Tq

=

∫
d3x

[
ψ† ~Σ

2
ψ + ψ†~x× (−i ~D)ψ

]
,

~Jg =

∫
d3x ~x× ( ~E × ~B) (14.10)

The gauge covariant derivative means that Lq becomes sensitive to gluonic degrees of

freedom in addition to the axial anomaly, — for a recent discussion see Jaffe (2001).

A first attempt to extract the valence contributions to the energy-momentum form-

factors entering Ji’s sum rule is reported in Diehl et al. (2004).

A recent lattice calculation [Hägler et al. (2007)] gives

Ju = 0.22± 0.02

Jd = 0.00± 0.02 (14.11)

corresponding to mπ ∼ 350 MeV with Lu ∼ −Ld ∼ 20 − 30% of the proton’s

spin 1
2 . These values of the total angular momentum contributions are close to

the asymptotic values predicted by QCD evolution. The connection between the
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quark and gluon total angular momentum contributions J q and Jg and the QCD

energy-momentum tensor allows us to write down their QCD evolution equations:

∂

∂ lnµ2

(
Jq(µ)

Jg(µ)

)
=
αs(µ)

2π

1

9

(−16 3f

16 −3f

)(
Jq(µ)

Jg(µ)

)
(14.12)

As µ→ ∞ the total angular momentum contributions tend to

Jq(∞) =
1

2

3f

16 + 3f

Jg(∞) =
1

2

16

16 + 3f
(14.13)

like the quark and gluon momentum contributions in Eq. (2.28).

The study of GPDs is being pioneered in experiments at HERMES, Jefferson

Laboratory and COMPASS. Proposals and ideas exist for dedicated studies using a

12 GeV CEBAF machine, a possible future polarized ep collider (EIC) in connection

with RHIC or JLab, and a high luminosity polarized proton-antiproton collider at

GSI. To extract information about quark total angular momentum one needs high

luminosity, plus measurements over a range of kinematics Q2, x and ∆ (bearing in

mind the need to make reliable extrapolations into unmeasured kinematics). There

is a challenging programme to disentangle the GPDs from the formalism and to undo

the convolution integrals which relate the GPDs to measured cross-sections. Recent

data from the Hall A Collaboration at JLab suggests the twist-2 dominance of DVCS

even at the relatively low Q2 of 1.5 - 2.3 GeV2 [Munoz Camacho et al. (2006)].

Varying the photon or meson in the final state will give access to different spin-

flavour combinations of GPDs even with unpolarized beams and targets. Besides

yielding possible information about the spin structure of the proton, measurements

of hard exclusive processes will, in general, help to constrain our understanding of

the structure of the proton.
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Chapter 15

POLARIZED PHOTON STRUCTURE
FUNCTIONS

Deep inelastic scattering from photon targets reveals many novel effects in QCD.

The unpolarized photon structure function has been well studied both theoretically

and experimentally. The polarized photon spin structure function is an ideal (theo-

retical) laboratory to study the QCD dynamics associated with the axial anomaly.

The photon structure functions are observed experimentally in e+ e− →
hadrons where for example a hard photon (large Q2) probes the quark structure of

a soft photon (P 2 ∼ 0). For any virtuality P 2 of the target photon the measured

structure functions receive a contribution both from contact photon-photon fusion

and also a hadronic piece, which is commonly associated with vector meson domi-

nance (VMD) of the soft target photon. The hadronic term scales with Q2 whilst

the contact term behaves as lnQ2 as we let Q2 tend to ∞. This result was dis-

covered by Witten (1977) for the unpolarized structure function F γ
2 and extended

to the polarized case in Manohar (1989) and Sasaki (1980). The lnQ2 scaling

behaviour mimics the leading-order box diagram prediction but the coefficient of

the logarithm receives a finite renormalization in QCD. From the viewpoint of the

renormalization group the essential detail discovered by Witten is that the coeffi-

cient functions of the photonic and singlet hadronic operators will mix under QCD

evolution. The hadronic matrix elements are of leading order in α whilst the pho-

ton operator matrix elements are O(1). Since the hadronic coefficient functions are

O(1) and the photon coefficient functions start at O(α) the photon structure func-

tions receive leading order contributions in α from both the hadronic and photonic

channels.

In polarized scattering the first moment of gγ
1 is especially interesting. First,

consider a real photon target (and assume no fixed pole correction). The first

moment of gγ
1 vanishes

∫ 1

0

dx gγ
1 (x,Q2) = 0 (15.1)

for a real photon target independent of the virtuality Q2 of the photon that it is

probed with [Bass (1992); Bass et al. (1998)]. This result is non-perturbative. To

understand it, consider the real photon as the beam and the virtual photon as the

173
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Fig. 15.1 Kinematics for the two-photon DIS process e+e− → e+e−X. The photon structure
functions are observed experimentally in e+ e− → hadrons where for example a hard photon (large
Q2) probes the quark structure of a soft photon (P 2 = −k2 ∼ 0).

target. Next apply the Gerasimov-Drell-Hearn sum rule. The anomalous magnetic

moment of a photon vanishes to all orders because of Furry’s theorem whence one

obtains the sum-rule. The sum rule (15.1) holds to all orders in perturbation theory

and at every twist [Bass et al. (1998)].

The interplay of QCD and QED dynamics here can be seen through the axial

anomaly equation

∂µJµ5 = 2mqiγ5q +
αs

4π
GµνG̃

µν +Nc
α

2π
Fµν F̃

µν (15.2)

(including the QED anomaly). The gauge-invariantly renormalized axial-vector

current can then be written as the sum of the partially conserved current plus QCD

and abelian QED Chern-Simons currents

Jµ5 = Jcon
µ5 +Kµ +Nckµ (15.3)

where kµ is the anomalous Chern Simons current in QED.

The vanishing first moment of
∫ 1

0
dxgγ

1 is the sum of a contact term

−α
πNc

∑
q e

4
q measured by the QED Chern Simons current and a hadronic term

associated with the two QCD currents in Eq. (15.3). The contact term is associated

with high kt leptons and two quark jet events (and no beam jet) in the final state.
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For the gluonic contribution associated with polarized glue in the hadronic compo-

nent of the polarized photon, the two quark jet cross section is associated with an

extra soft “beam jet”.

For a virtual photon target one expects the first moment to exhibit similar

behaviour to that suggested by the tree box graph amplitude – that is, for P 2 � m2

the first moment tends to equal just the QED anomalous contribution and the

hadron term vanishes. However, here the mass scale m2 is expected to be set

by the ρ meson mass corresponding to a typical hadronic scale and vector meson

dominance of the soft photon instead of the light-quark mass or the pion mass [Shore

and Veneziano (1993a,b)]. Measurements of gγ
1 might be possible with a polarized

eγ collider [De Roeck (2001)] or high luminosity B factory [Shore (2005)]. The

virtual photon target could be investigated through the study of resolved photon

contributions to polarized deep inelastic scattering from a nucleon target [Stratmann

(1998)]. Target mass effects in the polarized virtual photon structure function are

discussed in Baba et al. (2003).

We now explain these results.

15.1 A sum-rule for g
γ
1

Consider polarized γγ scattering where σA and σP denote the two cross-sections

for the absorption of a transversely polarized photon with spin anti-parallel σA

and parallel σP to the spin of the target photon. We let qµ and pµ denote the

momentum of the “incident” and “target” photons and define Q2 = −q2, P 2 = −p2

and ν = p.q. The spin dependent part of the total γγ cross-section is given by

(σA − σP ) =
8π2α

F gγ
1 (Q2, ν, P 2). (15.4)

Here gγ
1 is the target photon’s spin dependent structure function and F is the flux

factor for the incident photon. The structure function gγ
1 (Q2, ν, P 2) is symmetric

under the exchange of the incident and target photons (p ↔ q). There is no g2

contribution to (σA − σP ) [Ahmed and Ross (1975); Manohar (1989)].

Now consider a real photon beam: Q2 = 0. The Gerasimov-Drell-Hearn sum-

rule for spin dependent photoproduction tells us that the integral
∫∞
0

dν
ν (σA − σP )

is proportional to α times the square of the (photon) target’s anomalous magnetic

moment – see Eq. (4.45) and Chapter 4.5. For a real incident photon the flux factor

F = ν. Furry’s theorem tells us that the photon has zero anomalous magnetic

moment (both in QED and in QED coupled to QCD). It follows that

∫ ∞

0

dν

ν
(σA − σP ) = 8π2α

∫ ∞

νth

dν

ν

gγ
1

ν
= 0, (P 2 = Q2 = 0). (15.5)

Here νth is the threshold energy: νth = 2m2
e in QED and νth = 1

2m
2
π in QCD.

Eq. (15.5) is a non-perturbative result. It holds to all orders in perturbation theory.
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We now generalise this result to the case where one of the two photons becomes

virtual: Q2 > 0. Furry’s theorem implies that the anomalous magnetic moment of

a photon vanishes independently of whether the photon is real or virtual. Since

gγ
1 and ν are each symmetric under the exchange of (p ↔ q), we can treat the

virtual photon as the target and the real photon as the beam, and then apply the

Drell-Hearn-Gerasimov sum-rule to find

Iγ(Q2) ≡
∫ ∞

νth

dν

ν

gγ
1 (ν,Q2)

ν
= 0 (15.6)

independent of Q2 provided that P 2 = 0. Changing the integration variable from

ν to Bjorken x = Q2

2ν , we can rewrite Eq. (15.6) as

Iγ(Q2) =
2

Q2

∫ xmax

0

dxgγ
1 (x,Q2) = 0 ∀Q2. (15.7)

The threshold factors in Eqs. (15.6) and (15.7) are νth = (Q2 +4m2)/2 and xmax =

Q2/(Q2 + 4m2) in QED, and νth = (Q2 + m2
π)/2 and xmax = Q2/(Q2 + m2

π)

in QCD. Since the first moment of gγ
1 vanishes, the mean value theorem implies

that gγ
1 must change sign at least once at a value x = x∗(Q2). The function

Iγ(Q2) interpolates between Q2 = 0 and polarized deep inelastic scattering. The

corresponding integral for a nucleon target is given in Eq. (4.50) and was introduced

previously by Anselmino et al. (1989).

15.2 Twist expansion for g
γ
1 when Q2

→ ∞

When Q2 → ∞, the light-cone operator product expansion relates the first moment

of the structure function gγ
1 to the scale-invariant axial charges of the target photon

[Ahmed and Ross (1975); Manohar (1989); Bass (1992)] plus an expansion of

higher-twist matrix elements:

∫ 1

0

dxgγ
1 (x,Q2)

=

(
1

12
a(3) +

1

36
a(8)

){
1 +

∑

`≥1

cNS` ḡ
2`(Q)

}
+

1

9
a(0)|inv

{
1 +

∑

`≥1

cS` ḡ
2`(Q)

}

+

∞∑

j=1

(
P 2

Q2

)j

{twist (2 + 2j) operator matrix elements}

+

∞∑

j=1

(
m2

Q2

)j ∞∑

k=0

(
P 2

Q2

)k

{twist (2 + 2k) operator matrix elements}. (15.8)

where m is the quark mass.
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15.2.1 Leading twist 2

For photon states |γ(p, λ)〉 with momentum pµ and polarisation λ

ia(k)εµναβp
νεα(λ)ε∗β(λ) = 〈γ(p, λ)|J (k)

µ5 |γ(p, λ)〉 (15.9)

where k = (3, 8, 0) and the subscript c denotes the connected matrix element. The

non-singlet isovector and SU(3) octet currents are

J
(3)
µ5 =

(
ūγµγ5u− d̄γµγ5d

)

J
(8)
µ5 =

(
ūγµγ5u+ d̄γµγ5d− 2s̄γµγ5s

)
(15.10)

and

J
(0)
µ5 = E(g)

(
ūγµγ5u+ d̄γµγ5d+ s̄γµγ5s

)
GI

(15.11)

is the scale invariant and gauge-invariantly renormalized singlet axial-vector opera-

tor. The renormalisation group factor E(αs) compensates for the non-zero anoma-

lous dimension of the singlet axial-vector current J
(0)
µ5 /E(αs). The flavour non-

singlet cNS` and singlet cS` coefficients are calculable in `-loop perturbation theory

[Larin et al. (1997)]. There are no twist two, spin one, gauge-invariant photon or

gluon operators which can contribute to the first moment of gγ
1 .

One can derive a rigorous sum-rule for the leading twist (=2) contribution

to the first moment of gγ
1 in polarized deep inelastic scattering where one of the

photons is deeply virtual (Q2 → ∞) and the other photon is either real [Bass

(1992)] or carries small but finite virtuality [Narison et al. (1993); Shore and

Veneziano (1993b)]. Electromagnetic gauge-invariance implies [Bass (1992)] that

the axial charges of a real photon vanish provided that there is no exactly massless

Goldstone boson coupled to J
(k)
µ5 , which is certainly true in nature with massive

quarks. For real photons we find
∫ 1

0

dxgγ
1 |{twist 2}(x,Q

2) = 0, (P 2 = 0, Q2 → ∞). (15.12)

This deep inelastic sum-rule holds at every order in perturbation theory – starting

with the box graph for photon - photon fusion. Comparing Eqs. (15.11) and (15.7)

we find that the vanishing of the leading twist contribution to
∫ 1

0
dxgγ

1 is a special

case of the Drell-Hearn-Gerasimov sum-rule when the beam and target photons are

interchanged.

The general form for the matrix element of the axial vector current J i
µ5 be-

tween on-shell photon states is given by covariance and parity. Allowing for Bose

crossing symmetry we have

〈γ(l, λ2)|J (k)
µ5 |γ(p, λ1)〉 = Rk

µαβ(p,−l)εα(λ1)ε
∗β(λ2) (15.13)

where

Rk
µαβ(p,−l) =

[
εµναβ(pν + lν)Ak(s2) + εµανδp

ν lδ
(
Bk

1 (s2)pβ +Bk
2 (s2)lβ

)

+ εµβνδp
ν lδ
(
Bk

1 (s2)lα +Bk
2 (s2)pα

)]
(15.14)
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with sµ = (p − l)µ [Adler (1970)]. The Ak, Bk
1 and Bk

2 are scalar form factors of

the variable s2 (for real photons: p2 = l2 = 0). The forward matrix element, which

is relevant to deep inelastic scattering, is given by

ia(k) = 2Ak(s2 = 0) (15.15)

with λ1 = λ2 = λ. Here, we have tacitly assumed that there are no massless bosons

coupled to Jk
µ5. This is true in nature. The would-be Goldstone bosons π0 and

η, which couple to J
(3)
µ5 and J

(8)
µ5 respectively have a finite mass due to the chiral

symmetry breaking quark mass term in the QCD Lagrangian. There is no massless

singlet Goldstone boson.

Electromagnetic gauge invariance (current conservation) at the photon ver-

tices, viz.

pαRk
µαβ = lβRk

µαβ = 0, (15.16)

leads to the identities

Ak(s2) =
s2

2
Bk

1 (s2) + p2Bk
2 (s2)

Ak(s2) =
s2

2
Bk

1 (s2) + l2Bk
2 (s2) (15.17)

respectively. Since Rk
µαβ contains no massless poles we can drop the Bk

2 term in

Eqs. (15.16). Clearly, Ak(s2 = 0) = 0 for each of k = 3, 8, 0. Hence, electromagnetic

current conservation and the absence of any massless bosons coupled to J
(k)
µ5 imply

the exact (scale independent) sum-rule

a(k) = 0 (15.18)

for the real photon.

The vanishing first moment of the twist-2 part of
∫ 1

0 dxg
γ
1 is the sum of a con-

tact term −α
π

∑
q e

2
q measured by the QED Chern Simons current and a hadronic

term associated with the two QCD currents in Eq. (15.3). The contact term is asso-

ciated with high kt leptons and two quark jet events (and no beam jet) in the final

state. For the gluonic contribution associated with polarized glue in the hadronic

component of the polarized photon, the two quark jet cross section is associated with

an extra soft “beam jet”. The contact anomalous interaction contribution is iden-

tically cancelled by the hadronic term associated with the operators 2mqqiγ5
λk

2 q

and
αs

4πG.G̃. If we define

χq(s2)εµναβp
µlνεα(λ1)ε

∗β(λ2) = 〈γ(l, λ2)|2mqiγ5q|γ(p, λ1)〉

fχg(s2)εµναβp
µlνεα(λ1)ε

∗β(λ2) = 〈γ(l, λ2)|f
αs

4π
G.G̃|γ(p, λ1)〉 (15.19)

with p2 = l2 = 0 and the number of flavours f = 3, then χq(0) and χg(0) satisfy

the sum-rules

(χu − χd)(0) =
2α

π
(e2u − e2d)Nc

(χu + χd − 2χs)(0) =
2α

π
(e2u + e2d − 2e2s)Nc

(χu + χd + χs + fχg)(0) =
2α

π
(e2u + e2d + e2s)Nc (15.20)
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This result (without the singlet gluon term) was first noted by Adler (1970) before

the advent of QCD.

15.2.2 Higher twists

We now consider the higher-twist terms.

The higher twist terms receive contributions from both the “handbag” and

“cat-ears” diagrams. To classify these terms we note that there are five scales in

the physical problem: Q2, P 2, ν, the quark mass m and a QCD scale Λ associated

with non-perturbative bound-state dynamics. We integrate over the scale ν when

we evaluate the first moment of gγ
1 .

To understand the higher-twist terms in Eq. (15.8) it is helpful to first consider

the QED contributions to gγ
1 . There are higher-twist terms proportional to non-

zero powers of P 2/Q2 and m2/Q2. The terms proportional to P 2/Q2 vanish for a

real photon target (P 2 = 0). The higher-twist terms proportional to m2/Q2 start

with the leading twist (=2) operator matrix element. Quark mass terms make a

non-leading contribution to the Dirac trace over γµ matrices when we evaluate gγ
1

to any given order in α. They yield a unity matrix contribution to the trace so that

the leading term in the Dirac trace is the twist two operator matrix element. Since

the photon’s axial charges a(k) vanish when P 2 = 0 it follows that the higher-twist

contributions to Eq. (15.8) vanish for a real photon target in QED.

In QCD we also have to consider the possible effects of Λ and whether we

can have any higher-twist terms proportional to Λ2/Q2 – extra to the higher-twist

terms listed in Eq. (15.8). If we could calculate gγ
1 exactly in QCD, we would

find an expression which is symmetric under (p ↔ q). This symmetry imposes

strong constraints on the possible Λ dependence of gγ
1 . If we impose the physically

sensible condition of not allowing Λ2 to scale the kinematic variables, then we find

that any higher-twist contribution involving Λ2 comes from rescaling the quark

mass in one or more terms in the complete QCD expression for gγ
1 , viz. m2 →

(m2+Λ2). That is, if there are higher-twist terms in gγ
1 proportional to Λ2/Q2, then

they induce a constituent-quark mass-term in the higher-twist expansion. These

higher-twist terms vanish at P 2 = 0 because the photon’s axial charges vanish

on-shell.

15.3 g
γ
1 (x, Q2) in QCD: The leading order Witten analysis

In perturbative QCD the box graph contribution to the spin structure function of

a polarized photon gγ
1 (x,Q2) is readily obtained from Eq. (6.31) by replacing the

factor
αs

2π by α
π . Separating the total phase space into “hard” (k2

t ≥ λ2) and “soft”
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(k2
t < λ2) contributions, one finds

gγ
1 |hard =

− α

π
Nc

∑

q

e4q

√
1 − 4(m2+λ2)

s

1 − 4x2P 2

Q2

[
(2x− 1)

(
1 − 2xP 2

Q2

)

×
{

1 − 1√
1 − 4(m2+λ2)

s

√
1 − 4x2P 2

Q2

ln

(1 +
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s

1 −
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s

)}

+

(
x− 1 +

xP 2

Q2

)
(
2m2(1 − 4x2P 2

Q2 ) − P 2x(2x− 1)(1 − 2xP 2

Q2 )
)

(m2 + λ2)(1 − 4x2P 2

Q2 ) − P 2x(x − 1 + xP 2

Q2 )

]

(15.21)

When Q2 → ∞ the expression for gγ
1 |hard simplifies to the leading twist (=2) con-

tribution:

gγ
1 |hard =

α

π
Nc

∑

q

e4q

[
(2x− 1)

{
ln

1 − x

x
− 1 + ln

Q2

x(1 − x)P 2 + (m2 + λ2)

}

+(1 − x)
2m2 − P 2x(2x− 1)

m2 + λ2 − P 2x(x− 1)

]

(15.22)

In the deep inelastic limit (Q2 � λ2 � P 2,m2) we can write

gγ
1 |hard =

α

π
Nc

∑

q

e4q

[
(2x− 1)

{
ln

1 − x

x
− 1 + ln

Q2

λ2)

}]

(15.23)

For three flavours (u, d and s) Nc

∑
q e

4
q = 2

3 . As we found in Chapter 6, there is

an unambiguous contribution to the first moment of gγ
1 (x,Q2) which comes from

a purely pointlike part of the box at k2
t ∼ Q2. The higher (n ≥ 2) moments of

gγ
1 (x,Q2) are dominated by the logarithm term, viz.

Gn =

∫ 1

0

dxxn−1gγ
1 (x,Q2) ∼ α

π

2

3
(γq

gg)n ln
Q2

µ2
(15.24)

where (γq
gg)n =

∫ 1

0 dxx
n−1(2x− 1).

Going beyond the simple box diagram, the total inclusive cross-section for γ

γ → hadrons may be written as the absorptive part of the forward γ γ scattering

amplitude [Ahmed and Ross (1975)]

Tµναβ =
1

2

∫
dx dy dzeiq.xeip.(y−z)〈vac|T [Jµ(x)Jν(0)Jα(y)Jβ(z)]|vac〉 (15.25)

where Jα(y) and Jβ(z) are understood to couple to the soft photons. The forward

matrix element in Eq. (15.24) is a function of six distances x, y, z, x − y, x − z,
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y − z. It is only when all of these distances are small simultaneously that we can

apply perturbative QCD (which includes the lowest order box calculation). For a

real photon target, we contract Eq. (15.24) with the target photon’s polarisation

vector εα(λ) and consider

Wµν =
1

2π
Im

∫
dx eiq.x〈γ(p, λ)|T [Jµ(x)Jν(0)]|γ(p, λ)〉 (15.26)

Since Q2 → ∞ in deep inelastic scattering we can use the phase oscillation argument

in Section 3.2 for the exponential to show that Wµν receives a contribution only

when x2 → 0. We can apply the operator product expansion to Jµ(x) and Jν(0). In

all, there are eight independent structure functions for the spin-one photon [Budnev

et al. (1975)]. The antisymmetric part of Wµν is described (up to a Lorentz factor)

by the polarized deep inelastic structure function gγ
1 (x,Q2), where the nth moment

of gγ
1 (x,Q2) is defined by

iS εµλαβεαε
∗
βpλp

µ1 ...pµn−1

∫ 1

0

dx xn−1gγ
1 (x,Q2)

=
1

2

∑

θ

Cθ,n(Q2)〈γ(p)|Oµµ1 ..µn−1

θ,n |γ(p)〉 (15.27)

Here S denotes symmetrisation over µ, µ1,..., µn−1 and ε0123 = +1. The relevant

twist two operators Oθ,n are the hadronic operators O
µµ1 ..µn−1

H,n , viz.

Oaµµ1 ..µn−1
q,n = in−1S qγµγ5D

µ1 ...Dµn−1
λa

2
q, a = 0, 1, ..., 8

Oµµ1 ..µn−1
g,n =

1

2
in−2S Tr[GµαDµ1 ...Dµn−2G̃µn−1

α ] (15.28)

and also the photon operators

Oµµ1..µn−1
γ,n =

1

2
in−2S F µα∂µ1 ...∂µn−2 F̃ µn−1

α (15.29)

The OH,n are the same operators which appear in deep inelastic scattering from

hadronic targets; Gµν and Fµν are the gluon and photon field tensors respectively

with G̃µν and F̃µν the corresponding dual tensors, viz. G̃µν = 1
2εµναβG

αβ and

F̃µν = 1
2εµναβF

αβ .

As it was first pointed out by Witten (1977), the coefficient functions of the

photonic and singlet hadronic operators will mix under the renormalisation group.

The hadronic matrix elements are of leading order αQED (henceforth written α)

whilst the photon operator matrix elements are O(1). Since the hadronic coefficient

functions are O(1) and the photon coefficient functions start at O(α). Eq. (15.26)

receives leading order (in α) contributions both from the hadronic and photonic

channels.

At leading order in α the renormalisation group equation reads
{

d

d lnµ2
− γ(g)

}
C(
Q2

µ2
, g, α) =

{
∂

∂ lnµ2
+ β

∂

∂g
− γ

}
C(
Q2

µ2
, g, α) = 0 (15.30)
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Here, C(
Q2

µ2 , g, α) is a column vector which runs over both the singlet and non-singlet

hadronic coefficients, as well as the coefficients for the new photonic operators.

(There is no βQED
∂
∂e term written here in the total scale derivative; it does not

occur at leading order in α.) The renormalization group equation has the solution

(
CH

Cγ

)
(
Q2

µ2
, g, α) = T exp

∫ g

g

dt

β(t)

[
γH 0

k 1

]
(t)

(
CH

Cγ

)(
1, g

(
Q2

µ2

)
, α

)

=

[
M 0

X 1

](
Q2

µ2
, g, α

) (
CH

Cγ

)(
1, g

(
Q2

µ2

)
, α

)
(15.31)

Here, γH and k are the purely hadronic and photon-hadron mixing anomalous di-

mensions respectively. The hadronic part γH forms a 4x4 block diagonal matrix

comprising the singlet anomalous dimensions in the upper left 2x2 entries and the

non-singlet anomalous dimensions diagonally in the lower right 2x2 entries. The

mixing term k is a 1x4 row vector and is proportional to γq
gg in Eq. (3.60), viz.

k = −e2 f
T (R)Ncγ

q
gg [

2
9 , 0,

1
6 ,

1
18 ] + O(e2g2). It is the same calculation as for γq

gg -

only with the group factors for QED instead of QCD. The constants f and Nc

are number of quark flavours (=3) and colours (=3), and T (R) = 1
2f . The num-

bers in the row vector in k are the coefficients of the SU(3) flavour decomposition

of
∑

e2
q.

In the solution to the renormalization group equation, Eq. (15.30), M is the

familiar hadronic evolution coefficient

M

(
Q2

µ2
, g, α

)
= T exp

∫ g

g

dt
γH(t)

β(t)
(15.32)

The mixing term is

X

(
Q2

µ2
, g, α

)
=

∫ g

g

dt
k

β(t)
T exp

∫ t

g

ds
γH(s)

β(s)
(15.33)

These two coefficient functions are readily evaluated by expanding γH in terms of its

eigenvalues λk and the corresponding projection matrices Pk (viz. γH =
∑
λkPk)

[Gross and Wilczek (1974); Witten (1977)]. Since PiPj = δijPj this trick simplifies

the matrix multiplication considerably. We find

X

(
Q2

µ2
, g, α

)
=

k

2β0g
2

∑

k

Pk

(1 + λk

2β0
)

+ non − leading terms (15.34)

The mixing term X has been calculated by Witten (1977) to leading order in αs

(and to next to leading order by Bardeen and Buras (1979)) for the unpolarized

case. The anomalous dimensions for polarized deep inelastic scattering are known
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only to leading order in αs. After including the effect of (leading order) renormal-

ization group, the moments of gγ
1 (x,Q2) are given by

2iS εµλαβεαε
∗
βpλp

µ1 ..pµn−1

∫ 1

0

dx xn−1gγ
1 (x,Q2)

=
∑

OH

M

(
Q2

µ2
, g, α

)
CH,n

(
1, g

(
Q2

µ2

)
, α

)
〈γ|Oµµ1..µn−1

H,n (µ2)|γ〉

+
∑

Oγ

(
X

(
Q2

µ2
, g, α

)
CH,n

(
1, g

(
Q2

µ2

)
, α

)

+Cγ,n

(
1, g

(
Q2

µ2

)
, α

))
〈γ|Oµµ1 ..µn−1

γ,n (µ2)|γ〉 (15.35)

Here, 〈γ|Oγ,n|γ〉 = 1 to leading order in α. After diagonalising γH , we construct

the row vector X and contract it with the hadronic coefficients CH,n. For the spin

dependent case (with three flavours) we obtain

X
(Q2

µ2
, g, α

)
CH,n(1, g, α) =

α

π

2

3
(γq

gg)n ln
Q2

µ2

[
2

3
(1 +

(γg
gg)n

2β0
)

1

δn
+

5

12

1

1 +
(γq

qq)n

2β0

]

+ non-leading terms (15.36)

The coefficient

δn = 1 +
(γq

qq)n + (γg
gg)n

2β0
+

(γq
qq)n(γg

gg)n − (γq
gg)n(γg

qq)n

4β2
0

(15.37)

For n ≥ 2 the lnQ2 factor, which we observed in Eq. (15.23) for the perturbative

box diagram calculation reappears in the mixing term. However, by comparison

with Eq. (15.23), there is a finite QCD renormalization of the coefficient of the

logarithm. This logarithm term dominates the other (scaling) terms in the expres-

sion for gγ
1 (x,Q2). The Cγ〈γ|Oγ |γ〉 and CH〈γ|OH |γ〉 terms scale up to the purely

photonic and hadronic evolution respectively, which is due to the QED (QCD)

anomalous dimensions.
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Chapter 16

CONCLUSIONS AND OPEN
QUESTIONS: HOW DOES THE

PROTON SPIN?

The exciting challenge to understand the Spin Structure of the Proton has pro-

duced many unexpected surprises in experimental data and inspired much the-

oretical activity and new insight into QCD dynamics and the interplay between

spin and chiral/axial U(1) symmetry breaking in QCD. There is a vigorous global

programme in experimental spin physics spanning (semi-)inclusive polarized deep

inelastic scattering, photoproduction experiments, exclusive measurements over a

broad kinematical region, polarized proton-proton collisions, fragmentation studies

in e+e− collisions and νp elastic scattering.

Polarized deep inelastic scattering has taught us that the proton’s flavour

singlet axial-charge is about 0.3, or half the value predicted by relativistic quark

models and the value of g
(8)
A extracted from hyperon beta-decays. In this book we

surveyed the present (and near future) experimental situation and the new theoret-

ical understanding that spin experiments have inspired. New experiments (planned

and underway) will surely produce more surprises and exciting new challenges for

theorists as we continue our quest to understand the internal structure of the proton

and QCD confinement related dynamics.

We conclude with a summary of key issues and open problems in QCD spin

physics where the next generation of present and future experiments should yield

vital information:

• What happens to “spin” in the transition from current to constituent quarks

through dynamical axial U(1) symmetry breaking?

• Is the “missing spin” a physics issue for the valence quarks and/or the sea/glue?

• How large is the gluon spin polarization in the proton? Present measurements

of gluon polarization suggest that this gluon spin contribution is too small to

resolve the difference through the Efremov-Teryaev-Altarelli-Ross term. It may

still play an important role in building up the total spin of the proton.

• Are there fixed pole corrections to spin sum rules for polarized photon nucleon

scattering? If yes, which ones?

• Is gluon topology important in the spin structure of the proton?

• How large is the polarized strangeness in the proton? NLO analyses of inclusive

185
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g1 data without a subtraction constant suggest a value ∼ −0.08 whereas there

is no evidence for polarized strangeness in the HERMES semi-inclusive data.

• Is the valence quark spin contribution suppressed as suggested by leading order

analyses of semi-inclusive data from SMC, HERMES and COMPASS? The

chiral properties of the QCD θ-vacuum are quite different to the vacuum in

QED. When we place a valence quark in the vacuum it can act as a source for

polarizing the vacuum so that the spin of the quark becomes in-part delocalized

and the spin of the proton becomes a property of the proton rather than the sum

over localized quark and gluon contributions. The “missing spin” then becomes

associated with the θ-vacuum and is manifest as a subtraction constant in the

g1 spin dispersion relation or x = 0.

• How (if at all) do the effective intercepts for small x physics change in the

transition region between polarized photoproduction and polarized deep inelas-

tic scattering? This issue is connected to the analyticity of the g1 structure

function as a function of Q2.

• In which kinematics, if at all, does the magnitude of the isosinglet component

of g1 at small x exceed the magnitude of the isovector component?

• How does ∆d/d behave at x very close to one?

• Does perturbative QCD factorization work for spin dependent processes? –

viz. will the polarized quark and gluon distributions extracted from the next

generation of experiments prove to be process independent?

• Is the small value of g
(0)
A extracted from polarized deep inelastic scattering

“target independent”, e.g. through topological charge screening?

• Can we find and observe processes in the η′ nucleon interaction which are also

sensitive to dynamics which underlies the singlet axial charge?

• How large is quark (and gluon) “orbital angular momentum” in the proton?

• Transversity measurements are sensitive to kt dependent effects in the proton

and fragmentation processes. The difference between the C-odd transversity

distribution δq(x) and the C-even spin distribution ∆q(x), viz. (δq − ∆q)(x),

probes relativistic dynamics in the proton. Precision measurements at large

Bjorken x where just the valence quarks contribute would allow a direct com-

parison and teach us about relativistic effects in the confinement region.
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